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Abstract. We revisit the Callias index formula in connection with supersym¬ 
metric Dirac-type operators H of the form 



in odd space dimensions n, originally derived in 1978, and prove that 

. (n-l)/2 ^ 


ind(L)=( 


[(n - l)/2]! A^oo 2A 


n 

lim — 

1 —^ 0 A ' ^ 


( 0 . 1 ) 




[ tr^d{U{x){di^U){x).. .{di^_^U){x))xi^ cT ^a-{x), 
VaS"-i 


where 

U(x) -.= = sgn($(a:)), x E 

Here the closed operator L in ^ is of the form 


L = Q-\-^, 

where 

Q •= Q ® Id — ^ ^ j Id^ 

with j € {l^ • • • elements of the Euclidean Dirac algebra, such that 

n = 2n or n = 2n 1. Here $ is identified with 7 0$, satisfying 

4-e d&n, 

^{x) = ^{x)*, xeR", 
there exists c > 0, 7? ^ 0 such that 


\^{x)\ -^cld, X 


and there exists e > 1/2 such that for all a E Nq, |q:| < 3, there is k > 0 such 
that 

k(1 + |x|)-i, |«| = 1, 


Ii(a“4.)(x)|| 


k( 1 + |x|)- 


l«l = 2. 


X e 1 


These conditions on $ render L a Fredholm operator, and to the best of our 
knowledge they represent the most general conditions known to date for which 
Callias’ index formula EJ has been derived. 

We also consider a generalization of the index formula JO.lIl to certain 
classes of non-Fredholm operators L for which El represents its (generalized) 
Witten index (based on a resolvent regularization scheme). 
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1. Introduction 


If pressed to describe the contents of this manuscript in a nutshell, one could say 
we embarked on an attempt to settle the Callias index formula, first presented by 
Callias [22] in 1978, with the help of functional analytic methods. While we tried 
at first to follow the path originally envisaged by Callias, we soon had to deviate 
sharply from his strategy of proof as we intended to derive his index formula under 
more general conditions on the potential $ in the underlying closed operator L (see 
(HH)), but also since several of the claims made in [52] can be disproved. 

Before describing the need to reconsider Callias’ original arguments, and before 
entering a brief discussion of new developments in the field since 1978, it may be 
best to set the stage for the remarkable index formula that now carries his name. 

For a given spatial dimension n € N, we denote the elements of the Euclidean 
Dirac algebra (cf. Appendix 1X1 for precise details) by j G {!,...,n}. One 
recalls in this context that for n = 2n or n = 2n + 1 for some fi G N, satisfy 

Tj.n “ 1j,n € C , 'yj,n'yk,n E ^k,n'yi,n — J) ^ ^ { 1 ; ■ ■ ■ ( 1 - 1 ) 

With the elements in place, one then introduces the constant coefficient, first- 
order differential operator Q in by 

n 

Q-=Y.^3,ndj. dom{Q) = ( 1 . 2 ) 

1=1 

with iJ™(]R"), m G N, the standard Sobolev spaces. One notes in passing that 

Q^ = Al2H, dom(Q 2 ) = iy 2 (R") 2 ^ ( 13 ) 

Next, let d G N and assume that $: R” —>■ is a d x d self-adjoint matrix with 

entries given by bounded measurable functions. We introduce the operator L in 
L 2 (R'*) 2 "d via 

0 (j) 1-^ ^ (t)+{x 1-^ 

Given (11.211 . we shall abreviate 


Q-=Q®Id 



(1.5) 


and, with a slight abuse of notation, employ the symbol $ also in the context of 
the operation 

<i>: Ip ®(j)^ {x^ '^{x) ® ^{x)(p) , (1.6) 

(see our notational conventions to suppress tensor products whenever possible, col¬ 
lected in Section [5] and in Remark 12.ID . Thus, we may write. 


L = Q + ^. (1.7) 

The associated (self-adjoint) supersymmetric Dirac-type operator H in L^(R”)^"‘^© 
L^(R”)^ is then of the form 


H = 




( 1 . 8 ) 
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We refer to [Ml Ch. 5] for a detailed discussion of supersymmetric Dirac-type 
operators and the many explicit examples they represent. 

Next, we strengthen the hypotheses on $ to the effect that 

$ G dGN, (1.9) 

$(x) = $(x)*, xGM”, (1.10) 

there exists c > 0, i? ^ 0 such that 

|$(a;)|>c/d, x€R^\B{0,R), (1.11) 


and there exists e > 1/2 such that for all a G Nq, |q;| < 3, there is k > 0 such that 


||(5“$)(x)|| 


/t(l-h|x|) \ 
/t(l -1- |a;|)-l-^ 


|a| = 1, 

|a|=2, 


X G K”. 


( 1 . 12 ) 


Theorem 1.1. Let n G N odd, n ^ 3. Under assumptions (II.91) - (II.121) on 
the elosed operator L := Q + ^ in L^(R”)^ is Fredholm with index given by the 
formula 


ind(T) 


where 


(»-l)/2 


lim 


[(n- l)/2]! A^oo 2A 


1 " 
E 


(1.13) 


X f trc<i(C/(x)(5iil7)(x)... (5i„_il7)(a:))xi„ d” V(x), 
dAS”-i 


U{x) := |$(x)| ^$(x) = sgn($(x)), x G K". 


Here denotes the totally anti-symmetric symbol in n coordinates, trcd(-) 

represents the matrix trace in d”“^CT(-) is the surface measure on the unit 

sphere of R", and we assumed n G N to be odd since for algebraic reasons L 
has vanishing Fredholm index in all even spatial dimensions n (cf. ()1.20p below). 

Theorem 11.11 represents the principal result of this manuscript and under these 
hypotheses on $ it is new as we suppose no additional asymptotic homogeneity 
properties on $. In particular, it extends the original Callias formula for the index 
of L to the hypotheses (I1.9I) - (I1.12I) on $. We also note that at the end of this 
manuscript we take some first steps towards computing the Witten index of the 
operator L under certain conditions on <I> in which L ceases to be Fredholm, yet its 
Witten index is still given by a formula analogous to (I1.13|) . 

For the topological setting underlying the Callias index formula (11.131) we refer 
to the discussion by Bott and Seeley [l4] . 

Next, we succinctly summarize the principal strategy of proof underlying for¬ 
mula (I1.13|) . While at first we follow Callias’ original strategy of proof, the bulk of 
our arguments necessarily differ sharply from those in [22] as some of the claims in 
P2] can clearly be disproved (see our subsequent discussion). 

Step(l): Computing Fredholm indices abstractly. Let be a separable 
Hilbert space, m G N, and T G H('H’",7t™). Define the internal trace, tr„(T), 
of T by 

m 

trm(T) := Tjj. 

1=1 


(1.14) 
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Next, let M be a densely defined, closed linear operator in ’H™, and introduce the 
abbreviation 

Bm{z) := ztim {iM*M + z)-^ - {MM* + z)-^), z € g{-M*M) n gi-MM*). 

(1.15) 

A basic result we employ to compute Fredholm indices then reads as follows: 

Theorem 1.2. Assume that M is a densely defined, closed, and linear opera¬ 
tor in TdM, and suppose that M is Fredholm. In addition, let {TAjAgNj {■S'aIagn 
be sequences in B{'H), both strongly converging to I'n as A ^ oo, and introduce 
S\ := ^A*, A G N. Assume that for each A G N, there exists (5a > 0 with 
Ha •= -B(0, dA)\{0} C g{—AIM*) n g{—M*M) and that the map 

HaBz^ TaBm{z)Sa (1.16) 

takes on values in Bi{'H), such that 

flA^ zi-^ tTH{\TABM{z)SA\) = \\TaBm{z)Sa\\bi{h) is bounded {w.r.t. z), (1.17) 

where tr^(.) represents the trace on Bi{'H), the Schatten-von Neumann ideal of 
trace class operators on H. Then, 

ind(M) = lim lim tr^(TAi?M(.2)<S'A). (1-18) 

A—>-00 z—>0 

In addition, if S := 2“^ infAGN((5A) > 0 and := 73(0, (5) 9 z i—>■ tr-H{TABM{z)SA) 
converges uniformly on B{0,S) to some function F{-) as A ^ oo. Then, one can 
interchange the limits A —^ oo and z —>■ 0 m (11.181) and obtains, 

f(0)=ind(M). (1.19) 

We emphasize that (11.181) and (11.191) represent a subtle, but crucial, deviation 
from the far simpler strategy employed in [221 Lemma 1] which entirely dispenses 
with the additional regularization factors Sa and Fa, A G N. At this point we 
do not know if [221 Lemma 1] is valid, however, its proof is clearly invalid and 
we record a counterexample (kindly communicated to us by H. Vogt [98]) to the 
statement made on line 5 on p. 219 in the proof of [22 Lemma 1] later in Remark 
I3.5l lii. After completing this project we became aware of an unpublished preprint 
by Arai [8] in which it was observed that the index regularization employed in [22] 
was insufficient. 

Step (2): Applying Step (1) to the operator L. One now identifies TL and 
L^(IR"), m and 2"(7, M and L, Ta and the operator of multiplication by the char¬ 
acteristic function of the ball B{0, A) C R" in L^(R"), denoted by XA, and chooses 
S\ = /l2(R"), a G N. 

According to (11.181) and especially, (11.191) . we are thus interested in computing 
the limit for A —>■ oo of ti{xABL{z)). Without loss of generality we restrict ourselves 
in the following to n G N odd, as a detailed analysis shows that actually 

Bl{z) = 0 for n G N, n even. (1.20) 

For z G g{—LL*) (~) g{—L*L) with Re(z) > —1, and n G N odd, n ^ 3, one then 
proceeds to prove that xaBl{z) G Si(L^(R”)), and that the limit 

/(z) := lim trA 2 (Rn)(xASL(z)) 


exists. 
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Step (3): Explicitly compute f{z). A careful (and rather lengthy) evaluation of 
f{z) yields 


f{z) = {l + z) 


-njl ( 


I 

V Stt 


(n-l)/2 


lim 


[(n- l)/2]! A^oo 2A 


E 


,..., 2 ^ = 1 


[ ircd{U{x){di^U){x)...{di^_^U){x))xi^d'^ ^a{x), ( 1 . 21 ) 

iAS"-! 

ze g i-LL*) n g {-L*L ), Re{z) > -1. 


However, at first we are only able to verify (11.211) for Re(2:) sufficienly large (as 
a consequence of relying on Neumann series expansions for resolvents). In order to 
derive (|1.21l) also for ^ in a neighborhood of 0, considerable additional efforts are 
required. 

Indeed, for achieving the existence of the limit A —>■ oo in (ll.21|) for z in a 
neighborhood of 0, we employ Montel’s theorem and hence need to show that the 
family of analytic functions {z i—>■ tr(yASL(z))}A constitutes a locally bounded 
family, that is, one needs to show that for all compact H C CR,e>-i H g{—L*L) (~l 
gi-LL*), 

sup sup I tr(xA-SL(z))| < oo. 

A>0 zGO 

After proving local boundedness, we use Montel’s theorem for deducing that at least 
for a sequence {AfcjfcgN with Afc —> oo, the limit / := limfc_>.oo tr(xAfcI?L(’)) exists 

k—^oc 

in the compact open topology (i.e., the topology of uniform convergence on com¬ 
pacts) . The explicit expression (11.211) for / then follows by the principle of analytic 
continuation and so carries over to z in a neighborhood of 0. In particular, since the 
limit limA->.oo tr(xAl?L(0)) exists and coincides with the index of L, we can then 
deduce that independently of the sequence {AfcjfcgN, the limit limA->.oo tr(xAl3L(')) 
exists in the compact open topology and coincides with / given in (ll.2ip . Thus, 

/(O) = ind(L) 

yields formula (11.131) . 

We also emphasize that in connection with Steps (l)-(3), we perform these 
calculations only in the special case of admissible or r-admissible potentials $ 
(cf. Definitions 16.111 and 112.51) and then reduce the general case to r-admissible 
potentials. 

It is clear from this short outline of our strategy of proof of Callias’ index formula 
(11.131) . that in the end, our proof requires a fair number of additional steps not 
present in [52]. 

Without entering any details at this point, we mention that one needs to dis¬ 
tinguish the case n = 3 from n ^ 5 as there are additional regularization steps 
necessary for n = 3 due to the lack of regularity of certain integral kernels. In this 
context we mention that it is unclear to us how continuity of the integral kernel of 
J* on the diagonal, as claimed in [221 p. 224, line 6 from below], can be proved. 
Given our detailed approach, the number of resolvents applied is simply not large 
enough to conclude continuity (see, in particular, Section |7|). 

Perhaps, more drastically, trace class properties of certain integral operators are 
merely dealt with by checking integrability of the integral kernel on the diagonal, 
see, for instance, the proof of |21J Lemma 5, p. 225]. 
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In addition, the claim that the expression 

tr((5iid>)(a;)... (5j„$)(a;)) = 0, x e K", (1.22) 

il 

vanishes identically, is made on [22l p. 226]. A simple counter example can (locally) 
be constructed by demanding that $: —>• is bounded, $ G (7°“ (R^; , 

and such that for one particular a:o G R^, 

(ai$)(xo) = (2 ?)’ (52<h)(^o) = (2 (ai<h)(xo) = j). 

In this case one verifies that 

X] eiii2»3tr((i9*i$)(a;o)(5*2^)(2;o)(i9*3®)(2;o)) = 24b 

il.bib 

These shortcomings in the arguments presented in |22j not withstanding, Cal- 
lias’ formula (11.131) is remarkable for its simplicity, as has been pointed out before 
by various authors. In particular, it is simpler, yet consistent with the Fedosov- 
Hormander formula [32], [33], [33]) [IS], jSSj) jSZl Sect. 19.3] (derived with the help 
of the pseudo-differential operator calculus), as discussed, for instance, in |5|, [13] . 
m- More precisely, the Fedosov-Hormander formula reads as follows, 

<r23) 

Here ■ R” x R" —>■ is the symbol of L given by 

n 

<^L{tx) = ® 4" +Id^ ^{x), ^,x G M”, 

B C R^” is a ball of sufficiently large radius centered at the origin such that ctl is 
invertible outside H, the orientation of R" x R” is given by dxiAd^iA- ■ -AdxnAd^n > 
0, and (cr^^dcri)^*'^” is evaluated as a matrix product upon replacing ordinary 
multiplication by the exterior product. 

The Callias index formula properly restated as the Fedosov-Hormander formula 
and connections with half-bounded states were also discussed in [30]. Moreover, with 
the help of the Cordes-Illner theory (see [36l [68] and the references in [85]), [85] 
established that the Fedosov-Hormander formula can also be used for computing 
the index, if L is considered as an operator from the Sobolev space 1F^’^(R")^"‘^ 
to LP(R”)^"‘^ for some p G (l,oo). In addition, [53] (see also [57]) established the 
validity of the Fedosov-Hormander formula assuming the low regularity $ G 
only (plus vanishing of derivatives at infinity). 

Callias employed Witten’s resolvent regularization inherent in (I1.15L (11.181) . 
(11.191) . and we followed this device in this manuscript. For extensions to higher 
powers of resolvents we refer to [94j . For connections between supersymmetric 
quantum mechanics, scattering theory and their connections with Witten’s resol¬ 
vent regularized index for Dirac-type operators in various space dimensions, and 
matrix-valued (resp., operator-valued) coeffcients, we refer, for instance, to [3], [7], 

m. ca, m. m. m. eB: m. m. m chs. ix, x], m- 

The index problem for Dirac operators defined on complete Riemanniann man¬ 
ifolds has also been studied in [35] on the basis of relative index theorems (see 
also [55]). Based on this approach, [3] found a generalized version of the Callias 
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index formula, which was further developed and connected with the Atiyah-Singer 
index theorem in [5] (see also [28], [29], [41], [60] in this context). Independently, 
[89] found an alternative proof for the main result in [^, reducing the index prob¬ 
lem for the Dirac operator on a non-compact manifold to the compact case, thus 
making the index theorem in [10] applicable. Generalizing results in [4], and also 
using the Atiyah-Singer index theorem, [18] (see also [17] ) derive index formulas 
on manifolds, containing the Callias index formula as special case. 

For further generalizations of the index theorem for the Dirac operator to par¬ 
ticular manifolds, we refer to [35]. In addition, certain classes of Dirac operators 
on even-dimensional manifolds are studied in [49], [47], [50] . m employing K or 
ATAT-theory. The utility of ATA'-theory in view of the Callias index formula can also 
be seen in [74], where a short proof for the main results in [4] is given. Additional 
connections between AT-theory and index theory for Dirac-type operators have been 
established, for instance, in [S], [32], [33], [72], [73]. A rather different direction 
of index theory employing cyclic homology, aimed at even dimensional Dirac-type 
operators which generally are non-Fredholm, was undertaken in [25] (see also [26] 1. 

The approach to calculating Fredholm indices initiated by Callias [22] also had a 
profound influence on theoretical physics as is amply demonstrated by the following 

references [H], [32], [2D], [2S], [SI], [S2], [S3], [S2], [SS], [SS], [S2], [S3], [lOl] - [102] . 

m, m, and the literature cited therein. 

Returning to Theorem ll.il we emphasize again that our derivation of the Callias 
index formula ([1.13]) under conditions ([1.9[1 - ([1.12[1 on <i> is new as the references 
just mentioned either do not derive an explicit formula for ind(A) in terms of 4>, or 
else, derive the Fedosov-Hormander formula for ind(A). All previous derivations 
of (11.131) made some assumptions on $ to the effect that asymptotically, $ had to 
be homogeneous of degree zero. We entirely dispensed with this condition in this 
manuscript. 

We conclude this introduction with a brief description of the contents of each 
section. Our notational conventions are summarized in Section [2] Section |3I is de¬ 
voted to computing Fredholm indices employing Witten’s resolvent regularization. 
Schatten-von Neumann classes and trace class estimates are treated in Section H] 
Pointwise bounds for integral kernels are developed in Section jS] The operator L 
underlying this manuscript is presented in SectionjB] Trace class results, fundamen¬ 
tal for deriving formula ([1.21]) for f{z), are established in Section jT] estimates for 
integral kernels on the diagonal and the computation of the trace of xaBl{z) are 
discussed in Section [S] the special case n = 3 is treated in Section |21 In Section [TUI 
we formulate our principal result. Theorem 110.21 fequivalently. Theorem 11.11) and 
discuss some consequences of formula ([1.131) . Perturbation theory of Helmholtz 
resolvents (Green’s functions) is isolated in Section [TTJ The proof of Theorem ll0.2l 
for smooth 4> is presented in Section[T21 the case of general 4> satisfying (I1.9l) - p.l2l) 
is concluded in Section m The final Section m is devoted to a particular class of 
non-Fredholm operators L and the associated Witten index. Appendix [^ presents 
a concise construction of the Euclidean Dirac algebra, and Appendix |B| constructs 
an explicit counterexample to the trace class assertion in [221 Lemma 5]. 
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2. Notational Conventions 


For convenience of the reader we now summarize most of our notational conven¬ 
tions used throughout this manuscript. 

We find it convenient to employ the abbreviations, := N fl [fc,oo), fc S N, 
Nq = N U {0}, CRe>a ■= {z € C \ Re(z) > a}, a € K. 

The identity matrix in C’" will be denoted by /r, r G N. 

Let H he a separable complex Hilbert space, (•,•)« the scalar product in H 
(linear in the second factor), and I-u the identity operator in 'H. 

Next, let T be a linear operator mapping (a subspace of) a Banach space into 
another, with dom(T), ker(r), and ran(r) denoting the domain, kernel (i.e., null 
space), and range of T. The spectrum and resolvent set of a closed linear operator 
in T-L will be denoted by cr(-) and p(-). For resolvents of closed operators T acting on 
dom(T) C 'H, we will frequently write {T—z)~^ rather than the precise {T—zI-h)~^, 


z G g{T). 


The Banach spaces of bounded and compact linear operators in H are denoted 
by B{'H) and yBoo(’H), respectively. The Schatten-von Neumann ideals of compact 
linear operators on H corresponding to ^^’-summable singular values will be denoted 
by BpiJ-L) or, if the Hilbert space under consideration is clear from the context (and, 
especially, for brevity in connection with proofs) just by Sp, p G [1, oo). The norms 
on the respective spaces will be noted by ||T||b (-r) for T G Bp{'H), p G [l,oo), 
and for ease of notation we will occasionally identify ||T||b(^) with ||T||b„„(-h) for 
T G B{'H), but caution the reader that it is the set of compact operators on H that is 
denoted by Booiji). Similarly, S(Hi, 7 ^ 2 ) and Bca{'Hi,'H 2 ) will be used for bounded 
and compact operators between two Hilbert spaces TLi and 'H 2 - Moreover, Xi ^ X 2 
denotes the continuous embedding of the Banach space Xi into the Banach space 
X 2 . Throughout this manuscript, if X denotes a Banach space, X* denotes the 
adjoint space of continuous conjugate linear functionals on X^ that is, the conjugate 
dual space of X (rather than the usual dual space of continuous linear functionals 
on X). This avoids the well-known awkward distinction between adjoint operators 
in Banach and Hilbert spaces (cf., e.g., the pertinent discussion in [39l p. 3-4]). In 
connection with bounded linear functionals on X we will employ the usual bracket 
notation (•, •)a'*,a' for pairings between elements of X* and X. 

Whenever estimating the operator norm or a particular trace ideal norm of a 
finite product of operators, A 1 A 2 ■ ■ ■ An, with Aj G B{'H.), j G {1,..., N}, iV G N, 
we will simplify notation and write 


N 



( 2 . 1 ) 


disregarding any noncommutativity issues of the operators Aj, j G {1,..., iV}. 
This is of course permitted due to standard ideal properties and the associated 
(noncommutative) Holder-type inequalities (see, e.g., [Ill Sect. HI. 7], |92l Ch. 2]). 
The same convention will be applied if operators mapping between several Hilbert 
spaces are involved. 

We use the commutator symbol 


[H, B] := AB - BA 


( 2 . 2 ) 


for suitable operators A, B. For unbounded A and B the natural domain of \A, B] 
is the intersection of the respective domains of AB and BA. In particular, \A, B] 
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is not closed in general. However, in the situations we are confronted with, we 
shall always be in the situation that [H, B] is densely defined and bounded, in 
particular, it is closable with bounded closure. As this is always the case, we shall - 
in order to reduce a clumsy notation as much as possible - typically omit the closure 
bar (i.e., we use [A,B] rather than [A,B]). In fact, most of the operators under 
consideration can be extended to suitable distribution spaces, such that seemingly 
formal computations can be justified in the appropriate distribution space. 

w-lim and s-lim denote weak and strong limits in T-L as well as limits in the weak 
and strong operator topology for operators in n-lim denotes the norm limit 

of bounded operators operators in H (i.e., in the topology of 

(K.”) denotes the space of infinitely often differentiable functions with com¬ 
pact support in R". We typically suppress the Lebesgue meausure in L^-spaces, 
LP(R") := LP{W^]d^x), II-|Up(Rn;d"x) := II • lip, and similarly, LP{n) := LP{n;d^x), 
H C M", p G [l,oo) U {oo}. To avoid too lengthy expressions, we will frequently 
just write I rather than the precise etc. 

Sometimes we use the symbol (•, (or, for brevity, especially in proofs, 

simply (•, •)), to indicate the fact that the scalar product (•, •)z, 2 (Rn) in L^(R") has 
been continuously extended to the pairing on the entire Sobolev scale, that is, we 
abreviate (• ,-)l 2 (r„) := (•, •)h-'=(rp).h«(R"), s > 0 . 

The unit sphere in R" is denoted by := {x G R" | |x| = 1}, with d^~^a{-) 
representing the surface measure on S"~^, n G N 5 . 2 . The open ball in R" centered 
at xo G R" of radius pq > 0 is denoted by i?(a;o,Po)- 

Since various matrix structures and tensor products are naturally associated with 
the Dirac-type operators studied in this manuscript, we had to simplify the notation 
in several respects to avoid entirely unmanagably long expressions. For example, 
given d,n e N, spaces such as T^(R") 0 C'^, T^(R") 0 C^”, and L^(R") 0 0 

(and analogously for Sobolev spaces) will simply be denoted by L^(R")'^, i^(R”)^ , 
and T^(R")^”'‘^, respectively. 

In addition, given a d x d matrix $: R" —>• with entries given by bounded 

measurable functions, and given an element if) ® (j) G T^(R")^" 0 C^, we will fre¬ 
quently adhere to a slight abuse of notation and employ the symbol $ also in the 
context of the operation 

$: -0 0 (a; 1 -^ ip{x) 0 $(x)0) , (2.3) 

and acordingly then shorten this even further to 

<i>(x !->■'!/'(a;)$(x)(/)) , (2.4) 

Moreover, in connection with constant, invertible m x m matrices a G and 

scalar differential expressions such as dj, A, etc., we will use the notation 

adj = dja, aA = Aa (2-5) 

(with equality of domains) when applying these differential expressions to suffi¬ 
ciently regular functions of the type r]{-) 0 c, c G C™, abbreviated again by r]{-) c. 

In the context of matrix-valued operators we also agree to use the following 
notational conventions: Given a scalar function / on R", or a scalar linear operator 
R in T^(R"), we will frequently identify / or i? with the diagonal matrices f Im or 
Rim in T^(R")’"^'" for appropriate m G N. 
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Remark 2.1. We will identify a function $ with its corresponding multiplication 
operator of multiplying by this function in a suitable function space. In doing so, for 
a differential operator Q, we will distinguish between the expression and (Qd*) 
and, similarly, for other differential operators. Namely, denotes the composition 
of the two operators Q and $, whereas (Q$) denotes the multiplication operator 
of multplying by the function x i—>■ (Q$)(a;). o 
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3. Functional Analytic Preliminaries 


In this section we shall summarize the results obtained by Callias in |221 Lemmas 
1 and 2]. We emphasize that we only succeeded to prove [HI Lemma 1] under 
the stronger condition that the trace norm of the operator under consideration is 
bounded on a punctured neighborhood around the origin. To begin, we recall the 
setting of |22l Section II, p. 218]: 

Definition 3.1. Let TL be a separable Hilbert space, to € N, and T € B , 

a bounded linear operator from "H™ to "H™. Denoting by Lj\ H. ^ "H"* the canonical 
embedding defined by ijh := we introduce := i*TL}^ for j,k £ 

{1,... ,to}. We define the internal trace, trm(T), of T being the linear operator on 
H given by 

m 

tr^(r):=^r,y. (3.1) 

i=i 

Next, let M be a densely defined, closed linear operator in "H™ and introduce Wit¬ 
ten’s resolvent regularization via 

BM{z):=ztT^{{M*M + z)-^-{MM* + z)-^)€Bin), 

z€ g{-M*M)ngi-MM*). 

We will denote by tr^(-) the trace on BifiH.), the Schatten-von Neumann ideal of 
trace class operators on H. 


Remark 3.2. Let "H be a Hilbert space and let to £ N, T £ Bi{'H"’) and let 
Tjk = tfjTik, j,k £ {!,...,to} as in Definition 13.11 Then boundedness of 
j,k € {!,..., to}, and exploiting the ideal property of yields 

TjkGBiin), j, fc £ {!,..., to}. 


in particular, 


tr„(r)£Hi(?t). 


o 


It should be noted that in general, the internal trace does not satisfy the cyclicity 
property in the sense that for A,B G B{W’^, 'HN'), 

iTm{AB) ^ tTjn{BA). 

However, if one of the operators is actually a matrix with entries in C, then such a 
result holds: 

Proposition 3.3. Let Li be a Hilbert space, to £ N, A £ B £ 

Then 

tYrn{AB) = irmiBA). 

Proof We have A = (Ayand B = (Hywith Ay £ B{H) as 
in Definition 13.11 and Hy £ C. Then 

AB = f ^ AikBkj j and BA = f ^ BikAkj j 


trm(AH) = EE AjkBkj 

j=i k=i 


Hence, 
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— ^ ^ BkjAjk 
j=i fc=i 
m m 

= EE BkjAjk = tim{BA). □ 

fc=i j=i 

Next, we need a result of the type of [22l Lemma 1], in fact, we need an addi¬ 
tional generalization of [221 Lemma 1] in order to be able to apply it to our situ¬ 
ation. We shall briefly recall the notions used in the next result: Given a Hilbert 
space JC, a Fredholm operator S: dom(iS') C 1C ^ 1C, denoted by S' G is de¬ 

fined by S being a densely defined, closed, linear operator with finite-dimensional 
nullspace, dim(ker(S)) < oo, and closed range, ran(S), being finite-codimensional, 
dim(ker(S*)) < oo. The Fredholm index, ind(S), of a Fredholm operator S is then 
the difference of the dimension of the nullspace and codimension of the range, that 
is, 

ind(S) = dim(ker(S)) — dim(ker(S*)). 

Basic facts on Fredholm operators will be recalled at the end of this section. For 
the next lemma, we shall also use the notion of convergence in the strong operator 
topology, that is, a sequence {TA}AgN of bounded linear operators in a Hilbert 
space H is said to converge to some Too € i3('H) in the strong operator topology, 
s-limA-).oo Ta = Too, if for all </> G "H, we have 

lim Ta(/> = Too^. 

A^oo 

Our (generalized) version of [22l Lemma 1] then reads as follows. 

Theorem 3.4. In the situation of Definition VS.i] assume that M is Fredholm, and 
that {TaIagN) {‘S'aIagn sequences in both converging to I-^i in the strong 

operator topology as \ ^ oo, and introduce Sa := S'”, A G N. Let Bm{-) be given 
by (13.21) , 

Bm{z) := 2 tTm {{M*M + z)-'^ - {MM* -b z)"^), z G g{-M*M) O q{-MM*). 

(3.3) 

Assume that for each A G N, there exists (5a > 0 with CIa '■= T(0, 5a)\{0} C 
g{—MM*) n g{—M*M) and that the map 

CIa 9 z I—^ TaBm{z)Sa 

takes on values in Bi{'H), such that 

Ha 9 2; I-9- iT:ji{\TABM{z)SA\) = \\TaBm{z)Sa\\bi{'H) 

is bounded with respect to z. Then 

ind(M) = lim lim tr^(TAi?M(2)SA). (3-4) 

A—>00 2—>0 

In addition, if 6 := ^mfAGN(<5A) > 0 and H := B{0,6) 9 2 1-9 tr^(TAHAf (2 )Sa) 
converges uniformly on B{0,S) to some function F{-) as A ^ 00 . Then, one can 
interchange the limits A —^ 00 and 2 —>■ 0 m (1^ and obtains, 

T(0) = ind(M). 


(3.5) 



THE CALLIAS INDEX FORMULA REVISITED 


15 


Proof. By the Fredholm property of M, one deduces that M*M and MAI* are 
Fredholm and, if 0 lies in the spectrum of either AI*M or MAI* it is an isolated 
eigenvalue of finite multiplicity. As M is Fredholm, ran(M) is closed. Hence, 
ran(M) = ker(M*)-*-, and since M is closed, kei{M*M) = ker(M), as well as, 
ker(MM*) = ker(M*). Denote by P±: "H"* —>■ 'H'" the orthogonal projection onto 
ker(M) and ker(M*), respectively. Since by hypothesis P± are finite-dimensional 
operators, so is trm{P±)- Moreover, we have 

trw(trm(f’±)) = tr«™(D±) = dim(ran(P±)). 

Indeed, the last equality being clear, we only need to show the first one. Let 
be an orthonormal basis of TL. Let Lj: TL ^ TL^ be the canonical embed¬ 
ding given by Ljh := for all j € {1,... ,m}. Then it is clear that 

{^j</’k}je{i,...,m},keN constitutes an orthonormal basis for 'H'". We have 

m m 

tr«.(pn = EE 

J—1kGN j—1kGN 

m / m 

= X = X ( X 

fe£Ni=l keN ^ j=l 

= '^{(l}k,trjn{P±)(t>k)'H = trw(ti'm(H±)). 
feeN 

Next, define for A € N, 

Da 9 z !-)> Ba{z) := rA[tr™ {z{M*M + z)~^) - trm{P+) - tr^ {z{MM* + z)“^) 
-I- tTmiP-)]SA 

= TaBm{z)Sa - TAtl-m{P+)SA + TAtrm{P-)SA- 
By [nl Sect. IIL6.5], 

z{M* M + z)-^ - P+ —^0 

z—fO 

in operator norm, and similarly for z i—>■ z{MM* + z)~^ — P-. We note that 
Ba{z) G z G Da. Since Da 9 2: >->• tr^(|TAi?M(2)S'A|) is bounded, so is 

Da 9 2; 1-9 tr^ (|Ba(z)|). For the boundedness of Da 9 2; i-9 tr^ (|Ha(- 2)|) h 
suffices to observe that 

trw (|Ha(2;)|) = tr-H {\TaBm{z)Sa - TAirm[P+)SA + Ta trm(P_)S'A|) 

= ||TaHm(2)S'a - TAtr™(P+)S'A + Ta trm(P_)S'A||g^(.j^) 

^ 11 ^a.Bal ( 2 ^) *Sa 11 (.^) 

+ ||TAtrm(P+)S'A||g^(.^) -f ||TAtrm(P_)S'A||g^(.j^) 

= trw (|'7 a.Bm(2:)S'a|) 

+ tr« (|rAtrm(P+)S'A|) + tr?^ (|rAtr™(P_)S'A|), 2 G Da, 

and using that the last two summands correspond to traces of finite-rank oper¬ 
ators. Thus, from the analyticity of tr^ {Ba{-)F) for every hnite-rank operator 
F on "H, one deduces that Ba{-) is analytic in the Hi('H)-norm, see, for instance, 
0 Proposition A.3] (or |100l Theorem A.4.3]). More precisely, in |100l Theorem 
A.4.3] there is the following characterization of analyticity of Banach space valued 
functions: A function h: U ^ X for some open U C C and some Banach space X 
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is analytic if and only \iU 9 ||li(2)||Ar is bounded on compact subsets of U and 

z I—>■ {h{z),x') is analytic for all x' G V with V C X' being a norming set for X. 
Thus, it suffices to apply [1001 Theorem A.4.3] to X = as underlying Banach 

space, and to observe that the space of finite-rank operators forms a norming subset 
of Bi{%) (cf. [9l Proposition A.3]. 

By Riemann’s theorem on removable singularities, one deduces that B\{-) is 
analytic at 0 with respect to the Si('H)-norm. As B\{-) is also norm analytic in 
B{'H), and tends to 0 as z —>■ 0, one gets that B\{z) tends to 0 as z —>■ 0 in 
;Bi('H)-norm. Hence, 

lim ti--H{TABM{z)SA) = lim ( X-h {Ba{z)) + tr-u (Ta trm(P+)S'A) 

- trw (rAtrm(P_)S'A)^ 

= 0 -I- tr^i {TAtrjn{P+)SA) - (Ta trm(T’-)S'A) ■ 

Since s-limA->.oo Ta, = In, one obtains Ta trm(T’±)«S'A —^ tirn{P±) in Bi{'H) 
_ A—voo 

(see, e.g., [1051 Lemma 6.1.3]). Thus, 

lim tr?i(rAtrm(P±)S'A) = tr«(trm(P±)) = tr«(P±). 

A^oo 

Hence, 

lim lim tr«(TAHM(^:)5'A) 

A —>00 z—)-0 

= 0-1- lim (tr^^ (rAtr™(P+)S'A)-tr?^(TAtrm(^’-)S'A)) 

= dim(ran(P_)_)) — dim(ran(P_)) 

= dim(ker(M)) — dim(ker(M*)) 

= ind(M). 

Finally, for the purpose of proving the last statement of the theorem, define Fa - 3 

z tTn{TABM{z)SA)- Since {Pa}a converges uniformly to P, one infers that F 
is continuous on fl. Thus, 

ind(M) = lim lim Fa{z) = lim Pa( 0) = P(0) = lim F{z) = lim lim Fa{z). □ 

A—>-oo 2^0 A^OO 2^0 2^0A—>-oo 

In connection with the last part of Theorem 13.41 we note that the (limit of the) 
map 2 I—?> P(z) in 0 may be regarded as a generalized Witten index (see, e.g., |12) . 
[55] and the references therein, as well as Section [TTl) . 

Remark 3.5. (z) While [22 p. 218, Lemma 1] might be valid as stated, it remains 
unclear, how the assertion that is stated in line 5 on page 219 comes about. The 
author infers the following: Let H he a separable Hilbert space, L C C open 
with 0 € i9r, H: r —>• BiH) analytic. Assume that B{z) G Bi{%) for all z GT, 
r 9 z !->■ \\B{z)\\^^(n) is bounded and \\B{z)\\i 3 (gi) —0 as z —>■ 0. Then for an 
orthonormal basis {4>k}ken of "H, 

00 

tTn{B{z)) ='^{(j)k,B{z)4>k)n —)■ 0. (3.6) 

This statement is invalid as the following example, kindly communicated to us by H. 
Vogt [98], shows: For the orthonormal basis {cj)k}keti define the family of operators 
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B{-) by 

B{z)4>k ■= z e r := {z e C I I arg( 2 ;)| < (77/4), |z| < 1}, k€N. 


Then 


\\B{z)Uah) = trnmz)\) = = E 1^1 


fc = l 
k 


fc=l 


=i 


A;=0 


_ p — Re(2) 


remains bounded for z € T. Moreover, n-limj;_>.o B(z) = 0 in However, 


tr„(H(z)) = ^ (0,, = ^E 

k=l fc=0 



z -)-0 


1 . 


{ii) We shall now elaborate on the fact that an analytic function taking values in 
the space of bounded linear operators in a Hilbert space can indeed have different 
domains of analyticity if considered as taking values in particular Schatten-von 
Neumann ideals. 

Consider an infinite-dimensional Hilbert space % and pick an orthonormal basis 
{4>k}kGN in 'H. For z € C with Re(z) ^ 0, define 

T(z)<^fc := fe e N. 


Then T{z) G B{'H) and 

T{z)ip 


{4>k,ip) (t)k, -ip€n. 

k=l 


Moreover, T(0) = I-u, T(2) G Hi('H), T(l) G B^iB)- We note here that for Re(z) > 
1 the function z 1 —>■ T{z) is also analytic with values in Bi{'H), however, the trace 
norm of T{-) blows up at z = 1. o 


We conclude this section with some facts on Fredholm operators. For reasons to 
be able to handle certain classes of unbounded Fredholm operators in a convenient 
manner, we now take a slightly more general approach and permit a two-Hilbert 
space setting as follows: Suppose Bj, j G {1,2}, are complex, separable Hilbert 
spaces. Then S: dom(5') C Bi — B 2 , S is called a Fredholm operator, denoted by 
5'G <i>{Bi,B2), if 

(i) S is closed and densely defined in Bi. 

(ii) ran(S') is closed in B 2 - 

(in) dim(ker(S')) -I-dim(ker(5'*)) < 00 . 

If S is Fredholm, its Fredholm index is given by 

ind(5') = dim(ker(5')) — dim(ker(5'*)). (3.7) 

If S: dom(5') F Bi ^ B 2 is densely defined and closed, we associate with 
dom(5') C Bi the standard graph Hilbert subspace Bs F Bi induced by S defined 
by 

Bs = (dom(S'); (•, • )hs), U.qWs = {Sf,Sg)H 2 + 

WfWns = [WSffn, + f,9 £ dom(5). 
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In addition, for Aq, Ai G 7^2)nS(?^i, H2), and Ai are called homotopic 

in if there exists A: [0,1] —continuous such that A{t) € 

$CHi,'H 2), t G [0,1], with A(0) = A, ^(1) =Ai. 

Next, following [TTl Chs. 1, 3], [M] Chs. XI, XVII], [56] Sects. IV.6, IV.IO], [ZZl 
Sect. 1.3], [ZHl Ch. 2], (90] Chs. 5, 7], we now summarize a few basic properties of 
Fredholm operators. 

Theorem 3.6. LefHj, j = 1,2,3, be complex, separable Hilbert spaces, then the 
following items (i)-{vii) hold: 

(i) IfSG $(Hi,7^2) andT G^in2,n3), thenTS G $(-^1,-^3) and 

ind(T5) = ind(T) + ind(S'). (3.8) 

{ii) Assume that S € $(7^1,"^2) and K € Boo{'Hi,'H 2 ), then {S + K) G ^{'Hi,'H 2 ) 
and 

ind(5' + 7s:) =ind(S'). (3.9) 

{Hi) Suppose that S G ^{TLi,TL 2 ) and K G Boa{'hL 5 ,^. 2 ), then {S + K) G $(771,772) 
and 

ind(S' + 7s:) =ind(S'). (3.10) 

{iv) Assume that S G $(77i,772). Then there exists e{S) > 0 such that for any 
R G S(77i,772) with ||77||g(^^^^2) < s{S), one has {S + R) G $(77i,772) and 

ind(S' + 77) = ind(S'), dim(ker(S' + 7?)) ^ dim(ker(S')). (3-11) 
{v) Let S G $(77i,772), then S* G $(772,77i) and 

ind(5'*) =-ind(5). (3.12) 

{vi) Assume that S G $(77i,772) and that the Hilbert space Vi is continuously em¬ 
bedded in 77i, with dom(S') dense in Vi. Then S G $(Vi,772) with ker(S') and 
ran(S') the same whether S is viewed as an operator S: dom(S') C 77i —?> 772, or as 
an operator S: dom(S') C Vi —>■ 772. 

{vii) Assume that the Hilbert space Wi is continuously and densely embedded in 
TLi- If S G $(Wi,772) then S G $(77i,772) with ker(S') and ran(S') the same 
whether S is viewed as an operator S: dom(5') C 77i —^ 772, or as an operator 
S: dom(5) C Wi ^ 772. 

{via) Homotopic operators in $(77i,772) D S(77i,772) have equal Fredholm in¬ 
dex. More precisely, the set $(77i,772) nS(77i,772) is open in S(77i,772), hence 
$(77i,772) contains at most countably many connected components, on each of 
which the Fredholm index is constant. Equivalently, ind: $(77 i,772) h is lo¬ 
cally constant, hence continuous, and homotopy invariant. 

A prime candidate for the Hilbert spaces Vi,yVi C 77i in Theorem 13. {vii) 
(e.g., in applications to differential operators) is the graph Hilbert space TLs induced 
by S. Moreover, an immediate consequence of Theorem 13.61 we will apply later is 
the following homotopy invariance of the Fredholm index for a family of Fredholm 
operators with hxed domain. 

Corollary 3.7. Let T{s) G $(77i,772), s G I, where 7 C R is a connected interval, 
with dom(T(s)) := Vt independent of s G I. In addition, assume that Vt embeds 
densely and continuously into 77i {for instance, Vt = 77t(so) some fixed sq G I) 
and that T{-) is continuous with respect to the norm || • ||b(Vt,'H 2)- Then 

ind(T(s)) gI is independent of s G I. 


(3.13) 
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The corresponding case of unbounded operators with varying domains (and T-Li 
7^2) is treated in detail in [37]. 
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4. On Schatten-von Neumann Classes and Trace Class Estimates 

This is the first of two technical sections, providing basic results used later on in 
our detailed study of Dirac-type operators to be introduced in Section [SI We also 
recall results on the Schatten-von Neumann classes and apply these to concrete 
situations needed in Section 0 

We start with the following well-known characterization of Hilbert-Schmidt op¬ 
erators S2(T^(D;d^)) in 

Theorem 4.1 (see, e.g., [SH Theorem 2.11]). Let be a separable measure 

spaee and fc:DxD—^-C be p® p measurable. Then the map 


U : 


X Lt;dp® dp) —>■ B2{L‘^{n; dp )), 

{f ^ kix, y)f{v) dpiy))) , 


is unitary. 


The Holder inequality is also valid for trace ideals with p-summable singular 
values. 

Theorem 4.2 (Holder inequality, see, e.g., [92l Theorem 2.8]). Assume that TL is 
a eomplex, separable Hilbert space, m € N, qj € [1, oo], j € {1,..., m}, p G [1, ooj. 
Assume that 

Vl-i 

h ~ p' 

Let Tj £ B,. (n), j £{l,...,m}. Then T := Jl™ i Tj G Bp(H) and 


rii 


i=i 




For <71 = q 2 = m = 2, one obtains a criterion for operators belonging to the trace 
class Bi , which we shall use later on. 

Corollary 4.3. Let {Ll;B,p) be a separable measure space, k: DxD—^-C be p®p 
measurable. Moreover, assume that there exists i,m € L‘^{Llx D; dp® dp) such that 

k{x, y) = I ^{x, w)m{w, y) dp{w) for p® p a.e. (x, y) G D x D. 

Jq 

Then K, the associated integral operator with integral kernel k{-, ■) in L^(Ll x D; dp® 
dp), is trace class, K G Bi[L^{Ll] dp)), and 

trL2(n;dp)(^) = / k{x,x)dp{x) = / / t{x,w)m{w,x) dp{w)dp{x). 

J Cl J Cl J Cl 

Proof. By Theorem 14.11 the integral operators L and M associated with i and 
m, respectively, are Hilbert-Schmidt operators. Since K = LM, one gets K G 
Bi{^Lf {Tt] dp)) by Theorem 14.21 Moreover, by Theorem 14.11 one concludes that 

i"‘^L^{n-,dti.){K) = tri2(f2.£j^)(LM) = trp^2(Q.j;^) ((L*)*M) 


/ / i{w, x)m{x,w) dp{x)dp{w) 

J Cl J Cl 

/ / £{x,w)m{w,x) dp{w)dp{x). 

Jn Jq 


□ 
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In the bulk of this manuscript, Theorem 14.11 and Corollary 14.31 will be applied to 
the case 

We recall and the spaces of once and twice weakly differentiable 

L^-functions with derivatives in L^, respectively. Moreover, we shall furthermore 
consider the differential operator Q in by 


Q-=J2 dom(Q) = (4.1) 

i=i 

where 

7 *„ = 7 j> g if n = 2n or n = 2n + 1, (4.2) 

and 7j,n7fe,n + 'Jk.n'yj.n = ‘^Sjk for all j, fc € {1,..., u}, see Definition IA.3I A first 
consequence is, 

= A/an, dom(Q2) = . (4.3) 

Indeed, 


QQ — ^ ^ ^ ^ '~fk,n9k — ^ ^ ^ ^ ^j,ndj^k,ndk 

3 = 1 k=l j=l k=l 


^ n n ^ n n 

= ^ lj,ndj^k,ndk + X lk,ndkjj,ndj 


j=l k=l 


3 = 1 k=l 
^ n n 

— 2 ^ ^ ^ i'^j,n^k,n 4“ 7fc,n7t,n) ^j^k — A/an. 

1=1 fc=l 

We study the operator asssociated with the differential expression Q with its prop¬ 
erties later on in Section [6l More precisely, in Theorem [63] we show that Q = —Q* 
in L^(R”)^” with domain //^(R")^", that is, Q is skew-self-adjoint in (R”)^ . 
In particular, we get for any /i g C with Re(p) ^ 0 that 

||(Q + m)” 1 ^ |Re(/i)r^ (4.4) 

as an operator from (R")^ to (R")^ . One notes that by Fourier trans¬ 
form, the operator Q is unitarily equivalent to the Fourier multiplier with symbol 
S”=i 7l.n(-i)Ci- Furthermore, by 7 j> = 7 *„ and 7 |„ = /as, the matrix 7 j,„ is 
unitary. Hence, the symbol of Q may be estimated as follows 

1/2 


1=1 ^ 1=1 ^ 


(4.5) 


1=1 1=1 
We denote 

Rf^ := {-A + , pgC\(-oo,0]. (4.6) 

We recall our notational conventions collected in Section |21 In particular, we 
recall [A,i/] = AB — BA, the commutator of two operators A and B, see also 
(I6T51) . 


Lemma 4.4. Let g C, Re(/i) > 0, and if g (R”). Then with Q and given 
by dm) and (14. 6F respeetively, one obtains (c/. Remark \2A\i . 

[Rf,, T] = R^ {qH) r^ + 2R^ (g4-) g/?^. 


(4.7) 
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Proof. Recalling Remark [STT] concerning multiplication operators, we compute with 
the help of (I4.3|l 

= R^ (4- (-A + m) - (-A + m) Rr 
= R^ (A^- - ^-A) R^ = R^ {QH - 4-A) R^ 

= R^ iQiQ-^) + Q-^Q--^A)R^ 

= R^ ((Q^4') + (Q^-) Q + (Q^-) Q + 'i/Q^ - 4-A) R^ 

= R^{{Q^'i/)+2{Q^)Q)R^. □ 


In the course of computing the index of the closed operator L to be introduced 
later on, we need to establish trace class properties of operators that are products 
of operators of the form discussed in the following lemma. For given n G N^a, 
X G R", fj. G CRe>o := {z G C I Re(z) > 0}, we let 


9t^ix) 


1 

Re(/i) + |a;p ’ 


9i^{x) := 


r- 

”Re(/i) + \x\^' 


(4.8) 


One notes that G L'^(K") for all q > n/2 and G for all q> n. 


Lemma 4.5. Let g G CRe>o, 4* G L°“(R"), a G [l,oo), n ^ 3, and recall R^ from 
g21) and Q from (Bad, as well as g^ and g^^, from ()4.8I1 . Assume that there exists 
K > 0 such that 

|4'(a;)| ^ k( 1 + |a;|)““ for a.e. x G R". 

(i) Then for all q> n, 4'R^ G Bq (L^ (R")) and 

max(||4'i?^||g_^(^2(R„)),||R^4'|lB_^(i2(Rn))) < (27r)"”/« ||4'||i,(Rn)||g^||i,(Rn) < oo. 

The assertion remains the same, if Rp, is replaced by RpQ or QRp and ||5/i||A9(R'>) 
in the latter estimate is replaced by ||g/i||L9(R'>) • 

{ii) Assume, in addition, a > 3/2. Then, if n > 3, there exists d G (3/4,1) such 
that Rp'^, '^Rp G B 2 nS/ 3 {L‘^{'M.^y Moreover, 

max ( I|4 'Ra‘IIb2„,,/3(a 2(R")) i ) 

< (27r) < oo. 

For n = 3, Rp^, 'itRp G B 2 {L^ (R”)) and 

max ( ||4'R^||g^^^2(Rnp , |lR/i4'||g^^^2(Rnp ) ^ (27!") ^ l|4'||L2(R'«)||5;i||i2(R7,) < 00 . 

{Hi) Let Q G Cl (R”) with 

|(Q0)(x)| + |(Q20) (x)| ^/^(l + N)-^ 

for some k > 0 and /3 > 3/2. Then, recalling (12.2F G B 2 {L^ (R")) with 

II [i?^, 0]|lB2(L2(Rn)) 

X max(||Q20||i2(Rn),||Q0||i2(R„))||5^||i2(Rn) < 00 
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if n = 3, and [Rfj., 0] € S(2 ti/ 3 )i 9 (K.")) with 

^ (R^ + 2(Re(0I) +^R^)) 

X max(||g20||i2ntf/3(Rn) , ||Q0||j;,2nfl/3(R^)) 

X ll5MllL2"<'/3(Rn) < OO 

for some d € (0,1) with 2ni9/3 ^2, if n> i. 

The proof of Lemma ITTSl is basically contained in the following result: 

Theorem 4.6 ([^ Theorem 4.1]). Let n G N, p ^ 2, and 'it,g G L^(]R"). De¬ 
fine T\i,^g G S(L^(R”)) as the operator of composition of multiplication by di and 
g{idi,... ,idn) as a Fourier multiplier. Then G Bp{L‘^(W^)) and 

l|T3',gllBp(z,2(R")) ^ (27r)“”/P||4'||ip(Rr.)||3||ip(Rn). (4.9) 

The proof of (14.91) rests on the observation that there is equality for p = 2 and 
a straight forward estimate for the limiting case p = oo. The general case follows 
via complex interpolation. 

Proof of Lemma 14.51 Observing ||T||bpCh) = ||T*||gp(^) for all T G we shall 

only show the respective assertions for ^Rp. For parts (i) and {ii) one uses Theorem 
14.61 One notes that for ■= (+ g) (j)p {idi,... ,idn) = Rp- Moreover, 

one observes that |()>^| ^ gp G (K”) for all p > n/2. In order to prove item (i) one 
notes that a ^ 1 implies that G L'^ (R") for all q > n. Hence, '^Rp G Bq(L^(R’^)). 
The remaining assertion follows from the fact that the Fourier transform of QRp lies 
in L'J as it can be estimated by gp, see (14.51) . For part (ii) one first considers the case 
n = 3. Then 2a = a(2/3)3 > 3 = n. Hence, ^ G L^ (R^) and, since 2 > 3/2 = n/2, 
one infers that 'i'Rp G S2. If n > 3, there exists i? G (3/4,1) such that ad > 3/2. In 
particular, one has (2/3)nd > (2/3)4(3/4) = 2. Since a(2/3)-i9n > (3/2) (2n/3) = 
n, one gets di G L^”’^/^(R"). Moreover, since (2n/3)d > n/2 as d > 3/4, one 
concludes that G (R"), implying 'I'Rp G S2„^/3. In order to show 

part (Hi) one notes that Lemma 14.41 implies 

[Rp, 0] = Rp (Q20) + 2Rp (QQ) QRp. 

Since QRp is a bounded linear operator, using (ig as well as (HU), one deduces 
from 

QRp = (Q + y/Jf) (Q + \/Jf) (Q — \/Jj) Rp + y/JlRp 
= (Q + \fg) + ^JJiRp 

its corresponding norm bound [Re(^//i)]“^ + |^//t|[Re(/i)]“^, see (14.41) for the norm 

bound of (Q + y/Ji) Thus, the assertion follows from part (ii) and the ideal 
property of the Schatten-von Neumann classes. □ 

Lemma 14.51 is decisive for obtaining the following result. We mention here that 
H. Vogt [99] subsequently managed to prove the following theorem in a direct way 
without using Lemma 14.51 and thus without the use of Theorem 14.61 In the follow¬ 
ing theorem (and throughout this manuscript later on) we recall our simplifying 
convention (12.11) to abbreviate finite operator products ^41^2 • • • by Jl^i 
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regardless of underlying noncommutativity issues, upon relying on ideal properties 
of the bounded operators Aj, j = 1,..., N, N G N. 

Theorem 4.7. Let n = 2n+l G odd, d'l,..., dlfi+i G (M"), oi,..., ajj+i G 
[l,oo), £ > 1/2, K > 0, /i G CRe>o> o-'^d let R^, Q, and be given by (I4.6|) . 

and respectively. 

(i) Assume that for all x G K" and j G {1,..., n + 1}, 

|4'j(x)| ^ k( 1 + |x|)-“G 


Then 


and 


n+1 n+1 


GB2{L^{Rn), 

j=i j=i 


n+1 

^ n II 


B2(A=(R")) J = 1 


n+1 

n 

(ii) Assume for all x G K" and j G {1 ,... ,n — 1}, 

l^j(+l ^ k( 1 + kl)"“^ 


aIIb„+i(L2(B")) 


and 

KQ^n) (^)l + l(Q'^n) (+1 ^ +1 + 

Then 

n — 1 

t=i 


Proof. In order to prove parts (i) and {ii), we use Theoreni l4.2l and Lemma 14.51 For 
part {i) one observes that G Bn+i by Lemma HlSl Czl for all j G {1,..., n +1}. 

Moreover, by + l) = 1/2 one concludes with the help of 

Theorem 14.21 that 0^=1 ^ '®2- 

In order to arrive at item {ii), one notes that the case n = 3 directly follows from 
Lemma [4.5l fziil since in that case n — 1 = 0. For n > 3 there exists d G (3/4,1) 
such that [dla, i?^] G B 2 n-d/ 3 - The assertion is clear if 2nd/3 < 2. Thus, we assume 
that 2nd/3 > 2. Let q G R\{0} be such that 


q'^ {2n/3)d 2' 

Equation (14.101) with fi—l = (n — 3)/2 reveals 


(4.10) 


1 


1 f nd — 3 

q \ nd J n — 3 


nd — 3d 
nd 


n — 3 


+ 3 


45-1 

d 


1 1 

n{n — 3) n 


Hence, q > n and, so, from 'itjR^ G Bq, by Lemma [4.51 the assertion follows from 


Theorem 14.2 


□ 


In order to illustrate the latter mechanism and for later purposes, we now discuss 
an example. 
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Example 4.8. Let z > —1, and $ € such that for x G with 

\x\ > 1, 

Here <Ji := , (J 2 := , ere := denote the Pauli matrices, 

see also Definition \A.?i\. Recalling our convention (|2.5p andRt^r = 1—A + l + zl 
we now prove that the operator given by 

T :=tr4 it ((i?l+j:CT/c) (g) (5fc$)) 

k^l 

3 3 

X ^ {(Ri+^ak) 0 (9fc4>)) ^ ((i?i+2crfe) 0 (5fc$))i?i+^ 

fe=i fc=i 

is trace class, T G Si(L^(R^)). 

First of all, with the help of Proposition IA.8I and introducing the fully anti¬ 
symmetric symbol in 3 coordinates, Sjki, j,k,i G {1,2,3}, we may express T as 
follows {for notational simplicity, we now drop all tensor product symbols), 

T= ^ tr4 ((TfejfTfc2Crfc3i?i+2/2(l9fei<i))i?i+^/2(9fc2 4>)i?l+z/2(9fc3 4>)i?l+z/2) 

,^2 ,^ 3^3 

= X] tr2 (o-feiCrfc2(Tfe3) 

,^2 ,^ 3^3 

X tr2 {Rl+zl2{dki^)Rl+zl2{dk2^)Rl+zl2{dk3^)Rl+zl2) 

= ^ tr2 (i?i+z/2(i9fe3<i>)i?i+^/2(9fc2 4))i?i+2/2(9fc3$)i?i+2/2) 

,^2 ,^ 3^3 

= ^ 2iefc3fc2fc311-2 (i?i+^(i9fe3 4>)i?i+^(i9fe2 4>)i?i+2,(i9fc3 4>)i?i+^) 

l^fcl ,^2 ,^ 3^3 

= ^ 2iekik2k3t.T2 {Ri+z[{dki^), Ri-\-z]{dk2^)Ri-i-z{dk3^)Ri-i-z) 

,^2 ,^ 3^3 

+ ^ 2iefe3fc2fc3 tr2 (i?i+zi?i+z(5fci$)(afc2 4>)i?i+2(5fc3 4>)i?i+^) 

I ^ fci , fc 2 , fc 3^3 

= ^ tr2 (i?i+z[(9fc3 4>), i?i+2;](9fc2$)i?i+2(9fc3 4>)i?i+z) 

,^2 ,^ 3^3 

+ ^ 2iefe3fc2fc3 tr2 (i?i+zi?i+z(5fci$)(afc2 4>)[i?i+2, (5fc3 4>)]i?i+^) 

I ^ fcl , fc 2 , fc 3^3 

+ ^ 2iefe3fc2fc3 tr2 (i?i+zi?i+z(5fci$)(afc2 4>)(i9fe3 4>)i?i+zi?i+^). 

I ^ fcl , fc 2 , fc 3^3 


One computes for k G (1,2, 3} and x G R^, |a;| ^ 1, 


(i9fe$)(a;) 



Xj Xfc\ 

kp 1^1 
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and observes that ||(9fe<i>)(a;)|| ^ 6/|x|. Moreover, it is easy to see that for all 
P G Nq, with \P\ := Pj ^ 2, there exists /t > 0 such that for all x G R", 

\\{dP^){x)\\^K{l + \x\)-^. 

The latter estimate together with Theorem 14.71 yields that T G yBi(L^(R^)) if and 
only if 

T ■■= ^ 2i£rfe^fc2fc3 tr2 (i?i+2i?i+z(5fci$)(5fc2$)(9fe3$)i?i+2i?i+^) 

,fc2 1^3 ^3 

G Si(l2(R3)). 

The latter operator can be rewritten as 

f= 2iSk,k2ksRl+z^^2{{dki^){dk^^){dk,,^))Rl+^. 

l^ki ,k2 jk^^S 

Next, we inspect the term in the middle in more detail: 

Y ^fcifc2fe3ti'2((9fei$)(5fe3$)(afe3$)) 

= tr2 ((5 i$)( 52$)(93$)) - tr2 ((ai$)(53$)(a2^')) + tr2 ((92^)(i93^')(i9i^')) 

- tr2 ((92$)(9 i$)( 93$)) + tr2 ((93$)(9 i$)(i 92^')) - tr2 ((i93^')(52^')(i9i$)) 

= 3tr2 ((ai$)(52$)(93$)) - 3tr2 ((9i$)(a3$)(52$)). 

Employing 


(ai$)(92$)(93^)(^) 


= E 

J2 J3^3 

one gets 
1 


Nil 

\x\ 


Xj^ Xi 


’2j2 

\x\ 


U ^r, 


2i 


T|a;|'^tr 2 ((ai$)(a2^)(93$)) (x) 


E/ ^hhh 

J2 J3^3 


= 1 - 


XiXi 


X 


1 - 


- 1 - 


XiXi 


F 

a;2a;i 

a;3a;i 


<^iii - 
X 2 X 2 

X 3 X 2 


\x 
XIX 2 


X 


1 - 


X2X2 


X ■ 


= 1 


X 2 


XjiXl 


<^2^2 - 


Xj(2 3^2 


. ^ 32:3 ^ 

\x\^ J 

X2X3' 


X 


, a;3a;3 ^ 

' V 


\x. 

X 1 X 3 


^ 2 X 1 

\x? 

X3X-1 


’^33 

FI 


^is ^3 


<53 


'3z 


_ ^J3^3 ^ 

FP ) 


X 3 X 2 

'EP" 

X 1 X 2 

'EP" 


ccia;3 

FP 

a;2a;3 

'E^ 


+ 


22 22 

I M ' I \A 


^ 2™2 

X 2 X 3 


XZX 2 X 2 XZ X2X\X\X2 XzXiXiXz 


hr ■ 


hr ■ 


hr ■ 


^l‘^2‘^3 


[ 21 X 2^3 






^•^2*^3 
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= 0. 


On the other hand, 

1 


2i 


7|a;|'^tr2 ((9i3>)(93$)(52$)) {x) 


E l A _ ^71 
I '’lii ~ 

1^71,72 J3 ^3 


a; ■ 




= 0 . 


We note that in this example, the corresponding formula (11.221) is in fact valid, for 
|a;| ^ 1. This example is of a similar type as in [221 Section IV]. This may well be 
the reason for the erroneous statement in [221 p. 226, 2nd highlighted formula]. 


We shall also use on occasion the following Hilbert-Schmidt criterion for exactly 
n = (n — l)/2 factors: 

Theorem 4.9. Let n = 2n+l G odd, and assume that ..., ipfi € 
ai,...,afi € [l,oo), p € C, Re(/i,) > 0. Let R^, Q be given by (14.6|) and (14.ip . 
respectively. Assume that aj* > 3/2 for some j* G {1,... ,fi}. Then 

^i=7*+i 

and 



I|t"IIb2(lvr")) 

I (njG{l.....n}\{i*} ll^i^MllB,(LVK")))ll^i^MllBr(L=(R"))^ U > 1, 

\||'I'ii?^||B2(L2(K")), fi = 1, 

where q = 2{n — l)i?/(nd — 3) > n and r = 2m?/3 > 2 for some d G (3/4,1), 
according to Lemma \4,.?A iii'] . 

The assertion is the same if some of the factors with index j G {1,... ,n}\{j*} 
in the expression for T are replaced by 'i’jQRfj,. 

Proof. By Lemma one observes that for fi = j* = 1, G B 2 {L‘^{M.^)) , 

and the assertion follows. The rest of the proof is similar to the one of the concluding 
lines of Theorem 14.71 □ 
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5. PoiNTwiSE Estimates for Integral Kernels 


The proof of the index theorem relies on (pointwise) estimates of integral kernels 
of certain integral operators. These integral operators are of a form similar to 
the one in Theorem 14.71 In order to guarantee that point-evaluation is a well- 
defined operation, these operators have to possess certain smoothing properties. 
Before proving the corresponding result, we define the Dirac (5-distribution of point- 
evaluation at some point x G K" of a suitable function /: K." —C by 


^{x}f ■■= fix). 

We note that for every x € K" one has (5{2,} G for all e > 0, by the 

Sobolev embedding theorem (see, e.g., [U Theorem 7.34(c)]), and recall that 

i7"(R”) := {/G t 2(R”) I (1-b I • |^)"/^(J'/) G T^(K”)}, s G M, (5.1) 

with norm denoted by || • where T denotes the (distributional) Fourier 

transform being an extension of 

(J'<())(x) := (27r)-”/2 f e-“^<(((y) d"y, a; G K”, 0 G L\R^) n (5.2) 

For / € we will find it convenient to write 

(<5{rr}, /)i 2 (R„) := hx}f = fix), (5.3) 


where (• ,-)L 2 (Rn) is understood as the continuous extension of the scalar product 
on L^(R"') to the pairing on the entire fractional-order Sobolev scale, (•, •)L 2 (Rn) := 

(• ; •)«■-* S ^ 0. 

For convenience of the reader we now prove the following known result: 


Theorem 5.1. Let n G N, e > 0, T: H '^(R") ijl"/^)+'^(R") linear and 

bounded (c/. (15.11) and (15.31) 1. Then the map 

t: R” X R" 9 ix,y) ^ tix,y) = {S{x},TS[yy)G C 

is well-defined, continuous, and bounded. Moreover, if 

(5.4) 

then t is bounded and continuously differentiable with bounded derivatives djt, j G 
{!,..., 2n}. 


Remark 5.2. We note that with the maps and assumptions introduced in Theorem 
15.11 t(-, •) is in fact the integral kernel of T, that is, t satisfies 

{Tf)ix)=[ tix,y)fiy)d^y, a: G R", 

JR" 

for all / G C'(j“(R"'). Indeed, let a; G R" and / G C'(j“(R"'). Then one computes 
iTf)ix) = ((5{x}lT"/)^2(Rn) = {T 

= [ T*S^,yiy)fiy)d^y= [ {S^yy,T*S^,,y) fiy)d-y 
= f (T5{j,},(5{2;})^2(Rn)/(2/)<^ y= f {^{x},T5[y-^) fiy) d y 

= [ tix,y)fiy)d^y. 

Jr^ 





THE CALLIAS INDEX FORMULA REVISITED 


29 


O 

Proof of Theorem \5.1[ First, one observes that for any y G 

and r6{y}{x) = (27r)-"/2e“y for all x,y £ R". Consequently, TS^y} £ 

and hence is well-defined for all x,y £ R". Moreover, from 

|(^{x}T<5{y})L2(Rfo| < |^{x}|_n_^ \TS{y}\^^^ ^ |'J{0}|_n_^ |^{0}|_n_g 
^ ’ X, yGR , 

one concludes the boundedness of t. Next, we show sequential continuity of t. One 
observes that by the Sobolev embedding theorem, the map TS^y'^ is continuous for 
all y £ R" (One recalls that TTS^y^ £ L^(R”) with the Fourier transform given by 
(E21) .) Let {(xfe, ?/fc)}fegN be a convergent sequence in R” x R” and denote its limit 
as fc —>■ oo by {x,y). One notes that —>■ 0, as fc —>■ oo. Indeed, 

one gets by Lebesgue’s dominated convergence theorem that 

2 yjjn fe—>00 

Moreover, one observes that is uniformly bounded in iL“5“®(R") by 

some constant M. Next, let r; > 0 and choose fcp G N such that for k ^ kg one has 
I'^fj/l ~ ^{yk}\- 2 L- ^ ^ G^{y}{^k) ~ TS^y'^{x)\ ^ 77 . Then one estimates for 

k£N, 

\{S{xk},Td[y^})L2(WLn) - ((5{2,},r(5{y})i2(Rn)| 

^ |('^{xfc}T^{yfc})L2(Rn) - ((5{,j^},T(5{y})i2(R„)| 

+ |('^{2:fc}T^{y})L2(R") - (^{a;}T<^{y})L2(Rn)| 

^ l'^{^fc}|-^-e G^ivk} ~ '^^{y} I ^_|_£ i^k) ~ i^) I 

< M ||r|| |(5{y} — |_n_g + r] ^ (M ||r|| -I- 1) rj. 

Next, we turn to the second part of the theorem. Since (R”) ^ H ^^^(R"), 

the map t is continuous by the first part of the theorem. To prove differentiabil¬ 
ity, it suffices to observe that t has continuous (weak) partial derivatives. Since 
Tdj £ S(iJ-t-^(R"),iJt+E(M")) and djT £ ^(7?-t-=(R"), ijf+®(R")) for all 
j £ {1,..., n}, the assertion also follows from the first part as one observes that 

{djt){x,y) = ( T^{y})r,2(Rn) = ~ (^{a;}i^i^'^{y})i2(R,*) > 

{dy+rit){x,y) = {5{x},Tdy5{y}), j G {!,...,n}, (x,?/) e R" X R". □ 

In the applications discussed later on, we shall be confronted with operators 
being already defined (or being extendable) to the whole fractional Sobolev scale. 
So the standard situation in which we will apply Theorem IS.ll is summarized in the 
following corollary, with some examples in the succeeding proposition. 

Corollary 5.3. Let n G N, k > n, S,T: —>■ 7f^(R"). Assume 

that for all £ £ R, T £ B(iL^(R"),iJ^+'=(R")) and S £ S(iJ^(R"),i7^+'=+i(R")), 
and introduce the maps 

t: R" X R” 9 (x,?/) I—t (<^{x}T<5{y})2,2('R,.) j 

s: R-X R-9 (x,y) ^ . 
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Then t is bounded and continuous, and the map s is bounded and continuously 
differentiable with bounded derivatives. {See (j5.1|l and (j5.3ll for (R") and 5{x}, 
X G R", s G R.) 

Proof. This is a direct consequence of Theorem 15.11 □ 

Proposition 5.4. Let /i G C, Re(/i) > 0, £ G R, and 4> G C^(R"'). Then Rf^ = 
(-A + /i)”^ G B{H\R^), iJ^+2(R")) arn0 $ G S(iJ^(R")). 

Proof. For £ G Z, the first assertion follows easily with the help of the Fourier 
transform, the second assertion is a straightforward induction argument for i G 
No; for £ G —N the result follows by duality. The results for £ G R follow by 
interpolation, see [96l Theorem 2.4.2]. □ 

The main issue of the considerations in this section are estimates of continu¬ 
ous integral kernels on the respective diagonals. An elementary estimate can be 
shown for integral operators which are induced by commutators with multiplication 
operators as the following result confirms. 

Proposition 5.5. Letn G N, e > 0, m G N, and assume thatT : —>• 

is linear and continuous, and that $ G (^^(R”). Then the map 

R" X R" 9 {x,y) ^ [«■, G C, 

where [$,T] is given by (12.211 . is well-defined, continuous, bounded, and satisfies 
t^{x, x) = 0, X G R". 

Proof. By Proposition 15.41 and Theorem 15.11 one gets that is well-defined, con¬ 
tinuous, and bounded. For x G R" one then computes 

[$, T] (chT - T$) 

= (^{x}, 

= (^{x},^(a:)'rd{x}) - (<5{x},7’$(a;)d{x}) =0. □ 

The next lemma also discusses properties of the integral kernel of a commu¬ 
tator, however, in the following situation, we shall address the commutator with 
differentiation. 

Lemma 5.6. Let T G yB(L^(R")) be induced by the continuously differentiable 
integral kernel t: R” x R" —> C, j G {1,... ,n}. If[dj,T] G S(L^(R")), then [dj,T\ 
defined by is an operator induced by the integral kernel djt -|- dj+ff. 

Proof. Let x G R" and / G C'^(R"'). One computes 
{[d„T]f)ix) = {d,Tf){x) - {Td,f){x) 

= dj [ t{x,y)f{y)d'^y- [ t{x,y){djf){y) d^y 

JR-^ JR^ 

= [ {djt){x,y)f{y)d^y-£- [ {dj+nt){x,y)f{y)d^y, 

Jr^ Jr-^ 

^We recall Remark l2.ll The symbol $ is interpreted as the operator of multiplication by the 
function \i i < 0, this should read as multiplication in the distributional sense. 
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using an integration by parts to arrive at the last equality. 


□ 


Remark 5.7. We elaborate on an important consequence of Lemma 15.61 as follows: 
For j G {1,..., n}, let Tj G S(L^(R")) be induced by the continuously differentiable 
integral kernel tj : M” x R" —>• C. Assume that [dj,Tj\ G j G {1,..., n}, 

and consider the operator 

n 

By Lemma 15.61 one infers that the integral kernel t for T may be computed as 
follows, 

n 

+ dj+ntj){x,y), a:,y G R”. 

1=1 

Moreover, for g := {x ^ 

n 

t{x,x) = '^{djiy hO tj{y,y))){x) (5.5) 

1=1 

= div( 5 (a:)), a: G R". 

This observation will turn out to be useful when computing the trace of certain 
operators. o 


The remaining section is devoted to obtaining pointwise estimates of various 
integral operators on the diagonal. For convenience, we recall the F-function (cf. 
[U Sect. 6.1]), given by 

pOO 

r(z) := / 2€CRe>0, 

Jo 

as well as the n — 1-dimensional volume of the unit sphere 5"“^ C R", 


27r("/2) 

= r(n/2)- 


(5.6) 


Proposition 5.8. Let n,m G N, m > (n -|- l)/2, /r G C, Re(^) > 0, and R^, 5{o}, 
and Q he given by (gH), and m, respectively. Then 

l^r^{o}(0)| < (v'R^)”c, (5.7) 

|Qi?;r^{o}(0)| ^ (5.8) 

with 

pOO 

c = (27r)“" w„_i / r”“^[r^-|-l] (5.9) 

Jo 

and 

pOO 

c = {27r)~'^ ^/nuJn-l / + l] ^dr, (5.10) 

Jo 


where ojn-i is given hy (lAel) . 
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Proof. We estimate i?™'^{o}(0) with the help of the Fourier transform as follows. 


|.Rr-*(o|(0)| = IW-*(o|.<S{o)>l=(2>r)“ 


/ 




{2n)-- [ 

Jr 


(ir+M)' 




K" (1^1 +R.e(M)) 




= (27r)-"c.„_i [ 

Jo 

= (27r)“”a;„_i 


0 {r^+Re{^,)Y 

m pcyo 


■ dr 


1 


Re(/i) 


Jo 


= (27r) 


= (27r) 


((vip) +0 

1 /•“ 


■ dr 


Jo 


i^6(/j.)y 7 q +1) 

^ \ m _ 


y/Re{^) dt 


Re(/r) 


(v'Re(/r))” f 
Jo 


0 (t^ + ir 


■ dt. 


In a similar fashion, one estimates CT . however, first we recall from g3]) that 
'^^=1 7j.n(—^ V^ICIj ? G Hence, one arrives at 

lei 


|Qi?;rd{o}(0)| (2^)-"V^ [ 

Jr 


K" (1^1 +Re(/r))’ 




= (27r) "■ V^Wn-i [ 
Jo 

= ( 27 r)“" y/nUJn-l 


0 (r2+Re(/r))’' 

m /-oo 


■ dr 


1 


^0 


= (27r) "■ y^Un-l 


1 \ ”i _ /■ 

(\/Re(/r))”+^ 

Jo 


■ dr 


Re(/r) 


r-oo 


0 it^ + iy 


■ dt. 


□ 


The main observation in this subsection, Lemma 15.141 needs some preparations 
which deal with the fundamental solution of the Helmholtz equation on R" for 
n > 3 odd, to be introduced in (I5.11|) . 


Lemma 5.9. Let n,N € N, and xi,... ,xn € R". Then 

N-l 

\^i\ + y^A^j+i - ^j\ ^ max |a:fc|. 

t=i 


Proof. We proceed by induction. The case = 1 is clear. For N G one has 

N N 

kii^ [i^j+ii “ i^ti] = i^^w+ii- 

Thus, employing the induction hypothesis, one gets that 

N 

l^il+> \xi+i—Xi\'^ max Ixfcl V |xiv+il = max IxA. □ 

j=i 
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Lemma 5.10. Let a > 0, P > 0. Then the map 


4 >'- [0, oo) 9 r I-A ( 1 + 2^ 


satisfies 


|<^(r)| s: 


[a/{2P)fe-°‘+^^, 

1 , 


a > 2/3, 
a ^ 2/3, 


r 0. 


Proof. From 

one gets with r* := (a//3) — 2 that (j)'{r*) = 0 if r* >0. Thus, by (/)(0) = 1 and 
(j){r) —>■ 0 as r —>■ oo, one obtains the assertion. □ 


Next, we shall concentrate on pointwise estimates for the fundamental solution of 
the Helmholtz equation. We denote the integral kernel (i.e., the Helmholtz Green’s 
function) associated with (—A — z)~^ by En{z-,x,y), x,y G R", x y, n G N, 
n ^ 2, z € C. Then, 


Eniz;x,y) 


(i/4)(27rz-i/2|a; - - y\), 

-(27r)-iln(|a;- y|), 

[(n - 2)a;„_i]“^|a: - yp"”, 


n^2, zG C\{0}, 
n = 2, z = 0, 
nfi 3, z = 0, 


Im(z^/^) >0, x,y G M”, x fi^y, (5.11) 


where denotes the Hankel function of the first kind with index n 0 (cf. 

[U Sect. 9.1]), and w„_i is given by (15.61) . We will directly work with the explicit 
formula (15.111) . even though one could also employ the Laplace transform connec¬ 
tion between the resolvent and the semigroup of —A which manifests itself in the 
formula, 

Er,{z; x,y)= [ (47rt)-”/2e-l^-ylV(4t)g^t < 0, x,y G , x ^ y. 

J [0,C5o) 

(5.12) 

Later on, we need the following reformulation of the Helmholtz Green’s function 
in odd space dimensions. We will use an explicit expression for the Hankel function 
of the first kind. 


Lemma 5.11. Let n = 2n+l G odd, y, G CRe>o- denote 
Sn{-z, r) := En{z-, x,y), r > Q, z G C\{0}, 
where x,y G M" are such that \x — y\ = r. Then the following formula holds 


£n{y,r) = ( ^ 


n—1 


n—1 


(27rr) 


{n + k — 1)! 


: g-VPr 

k\(n — fc — 1)! \2y/Jlr 


1 
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Proof. Our branch of is chosen such that y/—z = iy/z for all z € C with Re(z) > 
0. We use the following representation of the Hankel function of the first kind taken 
from 8.466.1], 


hP^{z) = W—rV"y(-i)* 

o ' ^ V -Trr ' 


k=0 


{n + k — 1)1 1 

kl(n — fc — 1)! (2zz)^ 


n e N. 


Hence, 




Ifl 


i ( 2TTr \ 2 ” 


1/2 


ifi 


i ( 2TTr \ ^ 


4 V 








n—1 




E(-i) 

A;=0 
n—1 

E(-i) 


fc =0 


(n + fc — 1)! 1 

fc!(n — fc — 1)! (2iifi^/'^r)^ 

k (n + fc-1)! 1 

fc!(n — fc — 1)! (—2/ii/2r)^' 


= ( ^) g j 


” ^ (n + fc -1)! / 1 " 


□ 


As a first corollary to be drawn from the explicit formnla in the latter result, we 
now derive some estimates of the Helmholtz Green’s function. 


Lemma 5.12. Let n = 2n + 1 G odd, /t G CRe>o- We denote 

SnifJ^r) := En{-fi;x,y), r > 0, (5.13) 

with x,y G R" such that |x — y| = r. Then the following assertions {i)-(iii) hold: 

(i) Assume that y > 0, then for all r > 0, 

£niy,r)>0. (5.14) 

(ii) For all r > 0, 

\£n{y,r)\ < (V cos(ar g(/i))) £niRe{y),r). (5.15) 

(in) Assume that y > 0, then for all r > 0, 

exp (yfyrl2) £n{y, r) ^ 2”“^£:„(/i/4, r). (5.16) 

Proof. Assertion (15.141) is clear due to the fact that is the fundamental solution 
of the positive, self-adjoint operator (—A -|- y). (Alternatively, one can also use the 
explicit representation of £„(•, •) in Lemma l5.1 11 1 

In view of Lemma l5.111 in order to prove ()5.15|1 . it suffices to prove the following 
two facts, 

. 'F and |Re(VM)| ^ VRe(y). (5.17) 

y'Re(y) v^cos(arg(/i)) 

To show these assertions, let p > 0 and d G (—7r/2,7r/2) such that y = Then 
y/y = = ^cos(d/2) + iy/psin(d/2) as well as A/Re(/4) = y/gy/cos(i9). 

From 


\/cos(t9) = (cos(d/2))^ — (sin(d/2))^ ^ \J (cos(i?/2))^ = cos('d/2). 
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and 


Iv^l 




\/R-e(^) y/gy^cos{aig{fi))’ 

assertion (|5.17l) follows. 

Finally, we turn to the proof of (I5.16I1 . Given the representation of £«(•,•) in 
Lemma [5.111 one concludes that 

n—1 


^/U 


exp £n{n, r) = exp ^ 




(27rr) " e 


n—1 

E 

k=0 


{n + k — 1)! 
kl(n — k — ly. 


2 


,-n {n + k-l)\ 


^ 2 


n—1 


(^) 


f27rr)"”e- 2 V 

A:!(fi — fc — 1)! \2y/Jir 

n—l n—1 


1 


(27rr)""e-'/^’' 


E 


(n + fc — 1)! / 1 


□ 


fc!(n-fc - 1)! V2v/fr 
Next, we obtain similar results for the derivative of the fundamental solution. 

Lemma 5.13. Let n = 2n + 1 G odd. Then, for all fj, G CR,e> 0 ) there exists 
q^ \ M^o with g^(| • |) G such that the following properties (i)-{iii) 

hold: 

(i) For all j G {1, ..., n} and p G C, Re(/i) > 0, and for all x,y G K.", x y, 

\dj (C ^ En{-p;^,y)){x)\ ^ qf,{\x-y\). (5.18) 

(ii) For all p G C, Re(/i) > 0, 


< (l/\/cos(arg(^))) QReMir), r > 0. 


(Hi) For all p > 0, 


exp (VMr/2) g^(r) < 2 "-( 7 ^/ 4 (r), r > 0. 


(5.19) 


(5.20) 


Proof. For r > 0, with £n{p,r) as in Lemma 15.121 (and with the help of Lemma 
I5.11[) . one obtains the following derivative of fn(-,-) with respect to the second 
variable. 


[dr£ry{p,r) = - (27r)-"e-VF’' 


n—l 

E 

fc=0 


(n + fc — 1)! 
fc!(n — fc — 1)! \2yJJi 


„—n—k —1 


{y/pr + (n + fc)). 


Define for r > 0 
9/x(c) := 


(27r)-"e-VF’' 


E 

fe=0 


(n + fc — 1)! / 1 


fc!(n — fc — 1)! \2y/Ji 


^—n—k —1 


(vTIr + (fi + fc)) 


(5.21) 
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Then g;_j(| • |) G Indeed, due to the presence of the e“\^’'-term, only 

integrability at a; = 0 is an issue here. Since the order of the singularity of g^(|a:|) 
at a; = 0 is at most |a;|“” since n + (n — 1) + 1 = 2n < 2n + 1 = n, also integrability 
of g^(| • I) at a; = 0 is ensured. 

To prove (15.181) . one observes that for hxed y G M” and y ^ x £ K", 


\dj ^ £n{y, 1C - 2/1)) (a^)l = - 2/1) 


Vj 


\x - y\ 




The assertion in (j5.19|) follows analogously to that of (j5.15|) with an explicit rep¬ 
resentation of y/JI, together with the observation that 1 /y^cos(arg(/r)) ^ 1. The 
same arguments apply to the proof of (|5.20|) . □ 


Having established the preparations for estimating the integral kernel of products 
of resolvents of the Laplace operator and a multiplication operator d/j, we finally 
come to the fundamental estimates (15.231) in Lemma [5.141 All the following results 
will be of a similar type. Namely, consider a product 

(5.22) 

of smooth, bounded functions 'kj, j G {1,... , 1 x 1 }, identified as multiplication op¬ 
erators in and R)j. = (—A -|- y,)~^ for some /x G CRe>o- If xn is sufficiently 

large (depending on the space dimension n), the operator introduced in (j5.22ll has 
a continuous integral kernel t: R" x K" —>■ C. Roughly speaking, we will show that 
the behavior of a; 1 —>■ t{x, x) is determined by the (algebraic) decay properties of all 
the functions j G {1,... ,n}, that is, if decays like for large |a;| for 

some aj ^ 0, j G {l,...,m}, then x >->■ t{x,x) decays as \x\~^i=^°‘£ We will, 
however, need a more precise estimate. Namely, we also need to establish at the 
same time the overall constant of this decay behavior as a function of y. That is 
why we needed to establish Proposition [5^ see also Remark [5.151 below. 

The precise statement regarding the estimate of the diagonal of such a continuous 
integral kernel reads as follows: 


Lemma 5.14. Let n = 2n-|-1 G m ^ n + 1, and assume that 'I'l,..., £ 

C“(]R"'), and y. £ C, Re(/i) > 0. Assume that there exists £ R^O; j S 

{1,..., m -I- 1}, such that 


|4'j(a;)| ^ Kj(l-k |a;|) “fo a; G R”, j G {1,..., m-f 1}. 

Consider the integral kernels t and ifc of T := UT=1 Tfc := n,”LV 

respectively {cf. Remark \2.1^ . where = 'I'j(l ~ <^ife) + Sjk'i’jQ, k £ 
with R^ and Q given by S3D and gH), respectively. Then t and tk are continuous 
and there exists k' > 0 such that 

|2(x,x)| < K'[l + (|i|/2)]-^r=i“fo \tk{x,x)\ < k '[1 +( 1 x 1 / 2 )]-a; g r-. 

(5.23) 

For Y^Re(/x) > one can choose, with Carg(^) := cos(arg(/x))-^/^, 


k' = [(2Carg(fo)” 

in the first estimate in (|5.23|) . and 



m 



n 

C 


/ 4 

\Re{y)) 



f 


k’ = Cargfo) [(Carg (/.))" ^]™(2")™Ki • • • Km+1 


n+1 


C 
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in the second, with c and c' given by (I5.9|l and ()5.10|1 . respectively. 

Proof. We shall only prove the assertion for T. The other assertions follow from 
the fact that the integral kernel of QRfj, can be bounded by a; i—>■ c^rg(^)/^(ZRe(/i)(|a;|), 
see Lemma rs.131 Moreover, we shall exploit that the exponential estimates (15.161) 
and (15.191) in Lemmas 15.121 and 15.131 respectively, are essentially the same. 

The stated continuity of the integral kernels follows from 2m ^ 2n + 2 > n, 
Corollary 15.31 and Proposition 15.41 Indeed, Proposition 15.41 implies that 

T £L{H^ (R”) , (M")) , £ g M. 

Thus, by Corollarv l5.3l 

{x,y) ^ {S^,y,T5{y}) 

is continuous as 2m > n, with a; G M", defined in (15.31) . 

We denote the integral kernel of = (—A + by r^. Then one notes that 

-y) = En{-p;x,y) = \x - y\). 

For simplicity, we now assume that /i is real (one recalls the estimate |r^| ^ 
Carg(/i)^Re(/i) with a positive real number Carg(^) depending on arg(/a), see (15.151) 1. 


One observes that 
1 






1 


l + |a;i+a;| 1 + ||a;i| — |a;|| l + |a;| —|a;i| 1 + ^ |a; 


i|a;|’ 

X, Xi G M”, |a;| >2 \xi\ . 


On the other hand, one obviousy also has 

1 


^ 1, \x\ ^ 2 |xi|. 


1 + |a;i + a; 

Introducing the sets, 

B{R) := {(a:i,....a:„_i) G 

ZB{R) := (R")’"”^ \B{R), i? ^ 0, 
one computes for x G R", with k := ki • • • Km+i, 


max la;,! ^ R\, 


\t{x,x)\ = 


4-1 


(a;) / r^(x - a;i)4'2(xi)r^(a;i - 3 : 2 ) • • • 4'm(a;m-i) 


X ry_{Xm-l - x) d^Xi ■ ■ ■ df^Xm-l 






/ |'Ili(a^)l Xf^ix - Xi) - ■■ |'I'm(a;m_i)| - a;) 

X d"xi • • • d^Xm-l 

/ |^'i(a:)| ry,{x-i) ■ ■ ■ \'i!m{.Xm-i + a;)| r^(a:m_i) d^Xi ■ ■ ■ d^Xm-i 

/ 

JCR 


1 V1+ X 


xnixi)--' 


1 + a;^-! + X 


^ X^{Xjn—l) d Xi • • • d Xm — 1 

/ 1 


Jb(\x\/ 2 ) V-*- + FI/ 


1 + \Xm-l + X 
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ic 


^ l) d Xl ‘ ‘ ‘ d Xm — 1 




CB(|a:|/ 2 ) Vl + I* 


1 + \Xm-l + X 




X T^{Xm—l) d Xl ■ ■ ■ d Xm—1 

—— / r^(xi)r^(xi - 0 : 2 ) • • •-r^(xm-i) 

1 ^ Jb(M/2) 


(l + i|x|)^- 

f K f 

Jc 


€ 


ICB(\x\/2) 
K 




X d^Xi ■ ■ ■ d^Xm-l 
rf_,{xi)rfj,{xi -X2)--- rfj,{xm-i) dd^Xi ■ ■ ■ d^Xm-i 

—— r^{xi)rfj,{xi - X 2 ) ■ ■ ■rfj,{xm-i) 


(l + i|a;|) 

X d^Xi ■ ■ ■ d^Xm-l 

+ K rfj,{xi)r^{xi - X2)- ■ ■r^{xm-i)d'^xi - ■ ■ d'^Xm-i- 

JCB{\x\/2) 

By Lemma Em one recalls that for xi,..., Xm-i S M", 

m—2 


|xi| + Y \xj+i - Xj\ + \xm-i \ ^ max 






^3 \ ■ 


With the latter observation one estimates, using (I5.16p . 


/ r^{xi)r^{xi - X2) • • • r^(xm_i) dJ^Xi ■ ■ ■ dJ^Xm-i 

JZB{\x\/2) 

JCB(\x\/2) ■* ^ * 


X d^Xi ■ ■ ■ dI^Xm-1 




CB(|x|/ 2 ) 




X dT'xi ■ ■ ■ d^Xm-1 


< (2"- ^)™e 4''l“l / rE{xi)r!L{xi-X2)---ri±{xm-i) 

JCB{\x\/2) 

X d^Xi ■ ■ ■ dJ^Xm-l 

^ (2n-l)mg-^|a;| f rJ± {xi)r 1 ± {xi - X2) ' ■ ■ Tl±{Xm-l) 

X d^Xi ■ ■ ■ d^Xm-l- 

The latter expression decays faster than any power of (1 + |x|)“^. In fact, given 
Lemma E.lOl for ^/Jl > one obtains + (|a;|/2)]^J=i ^ 1. 

Hence, for some k' > 0, 

|t(a;,a;)| < (2”-1 )™k'[ 1 + (|a;|/2)]-, a; G R”. 

For the more precise estimate, one observes that 

/ r^(a;i)r^(xi - X 2 ) ■ ■ ■ ri±{xm-i) d'^xi ■ --d^Xm-i = 
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and then applies Proposition 15.81 to estimate the latter expression. 


□ 


Remark 5.15. A further inspection of Lemma 15. 141 reveals that if A/Re(^) > 2£ for 
some £ ^ j obtains the estimates 


\t{x,x)\ ^ [(2ca.g^)"-T«^i ■ ■ • + (1^1 /2)^^ 


X G 


|4(x,x)| ^ Carg;x[(CargM)" X 


with c and c' given by (15.91) and (15.101) . respectively. 

To illustrate the importance of this result, envisage a product as in (15.221) with 
m factors, all of them decaying like |a;|“^ as |a;| —>■ oo. Later on, we shall see that in 
certain integrals it suffices to estimate the diagonal decaying like |a;|“” as |a;| —>• oo. 
Thus, if m is fairly large compared to n, and hence Lemma 15.141 yields a decay like 
\x\~'^, we have to choose the real-part of fi rather large as the explicit constant is 
only valid for A/Re(^) > m. But, if we are only interested in an estimate of the 
type we may choose ^Re(/J,) a apriori just larger than n. o 


A readily applicable version of Lemma [5.141 reads as follows. 


Lemma 5.16. Let n = 2n + 1 G odd, m ^ n + 1, assume that iki,..., '^rn G 
C“(R"), and suppose that p G CR,e>o- Let and Q be given by (liffil) and m, 
respectively. Assume that there exists aj, Kj G R^O: j S {1, ..., m}, such that 

|4'j(x)| ^ Kj{l + |a;|)"“A x G R”, j G {1,.. .,m}. 

Let £ G {2,..., m} and assume that there exists e ^ 0 such that 

|(g^'f)(a;)| + |(Q2^-^)(:E)| <K£(l + |x|)-“‘-", xGR”. 

If t denotes the integral kernel of 

t-2 m 

T :=Y[{'i>jRf,)'ite-i[R^,,'fe]R^. 11 

1=1 i=^-l-i 

(c/. Remark \2.1\ and IMD), then t is continuous on the diagonal and there exists 
k' > 0 such that 


|t(a;,a;)| < k'[ 1 + (|a;|/2)]-"-^r=i“i, x G R”. 
ifVMi^>2EU aj + 2s, then a possible choice for n' is 



where d := [{2c^ f,f "c + [(carg^)" 

(15.91) and (15.101) . respectively. 



m—1^ 




d, (5.24) 

with c and c' given by 


Proof. One recalls from Lemma (see also Remark 1 2. II) that 
[i?^, (Q2^^) R^ + 2R^ (g^-^) QR^. 



























40 


F. GESZTESY AND M. WAURICK 


Let ti be the associated integral kernel of 

R^.R^'^i+iR^, ■ ■ ■ '^mRf, 

and t 2 the one of 

■^iRf, ■ ■ • -^i-iR^ {Q-^t) QR^R^.'Ht+xR^ ■ ■ • ■^mR^,■ 

By hypothesis and by Lemma [5 .141 for some constant k' > 0, 

|ti(a;, a;)| + 1 ^ 2 ( 2 :, a:)| ^ k'[ 1 + (|a:|/2)]“‘^“^-)'=i “L x G M". (5.25) 

The quantitative version of this assertion (i.e., the fact that k' given by (15.241) is a 
possible choice in the estimate (15.25^ 1. also follows from Lemma [5. 141 □ 

Finally, we state one more variant of Lemma 15.141 

Lemma 5.17. Let n = 2n + 1 G odd, m ^ n + 1, assume that 'hi,..., 'I'm G 
and /r G C, Re(/r) > 0. Let be given by (14.61) . and Q by (14.11) . Let 
e, aj, Kj G R^O) cind assume that for all j & {1,, m} and £ G {2,..., m}, 

|4'j(x)| ^ Kj{l + |x|)"“^ |(Q4'f) (a;)| + (x)| < ki[1 + (|x|/2)]"“^"^ 

X G R”. 


Then for £ G {!,..., m}, the associated integral kernels h^ and hg of 

^i=i ^ ^ ^i=i ^ ^j=t. ^ 

respectively {cf. R,emark \2.iy satisfy for some k' > 0, 

\hg{x,x) — hg{x,x)\ ^ k'[ 1 + (|x|/2)]“^“^i=i x G R". 

In addition, if •\/Re(^) > 2 J^jLi ctj + 2e, then a possible choice for k! is given by 

dEH. 


Proof. We will exploit Lemma [5.161 and note that hg — hg is the associated integral 
kernel of the operator 





R 


m—£ 





R 


m—i 


By hypothesis, 



< At^+l • • • Km(l + |a;|) 


Moreover, by the product rule one concludes that 


X G R". 



^ K^+l • • • Km(l + |x|) ^ 5:i=f+iai^ 


X G R”, 
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and thus also that 

< X G R”. 

Hence, the assertion indeed follows from Lemma [5.161 


[ q ^ n 


□ 


Remark 5.18. Iterated application Lemma 15.171 shows that under the same assump¬ 
tions, the integral kernels and hi of 

• m \ / m \ 

and 

'3 = 1 ' ^3 = 1 ' 

respectively, satisfy for some k' > 0, 

\h,n{x, x) — hi{x, x)\ ^ k'[ 1 -I- (|a;|/2)]“®“^j=i , x £ R”. 


o 
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6. Dirac-Type Operators 

In this section, we discuss the operator L with a bounded smooth potential, 
studied by Callias [52] in L^(R”)p for a suitable p G N. We compute its domain, 
its adjoint and give conditions for the Fredholm property of this operator. 

Let 

:= {/ G L2(k") I d,f G L2(R")} , j G {1,... ,n}, 

where djf denotes the distributional partial derivative of / G L^(R”) with respect 
to the jth variable. One notes that (see also (IS.!!) ! 

iLi(K")= Pi 

Remark 6.1. In the following, we make use of the so-called Euclidean Dirac algebra, 
see Appendix 1X1 and Definition lA.31 for the construction and some basic properties. 
For dimension n G N we denote the elements of this algebra by 3 S {1,..., n}. 
One recalls that for n = 2n or n = 2n -|- 1 for some n G N one has 

^j,n ~ Ti.Ti ^ ^ ; 'yj,n^k,n T 'yk,n'3j,n — , j,k ^ {1, . . . , u}. (b.l) 

O 


We are now in the position to properly define the operator L (and the underlying 
supersymmetric Dirac-type operator H) to be studied in the rest of this manuscript. 

Definition 6.2. Let d G N and suppose that $: K” —>■ is a bounded measur¬ 

able function assuming values in the space of d X d self-adjoint matrices. We recall 
our convention iL^(R”)^ OC^. With this in mind, we introduce the 

(closed) operator L in via 

^ (fl-^ ^ (j)+ (x 1 -^ tjj{x) 0^{x)(j)) . 

Henceforth, recalling grj), we shall abreviate 


Q--=Q®Id 



(6.3) 


and, with a slight abuse of notation, employ the symbol <I> also in the context of the 
operation 

: i/) O (() !->■ (x !->■ 'f(x) 0 $(x)0), (6.4) 

see also our notational conventions to suppress tensor products whenever possible, 
collected in Section^ and in Remark \2.l[ Thus, 


L = Q + ^. (6.5) 

Finally, the underlying (self-adjoint) supersymmetric Dirac-type operator H in 
L^(R”)^ ‘^©L^(]R"')^ is of the form 


H = 


0 L* 
L 0 


( 6 . 6 ) 




THE CALLIAS INDEX FORMULA REVISITED 


43 


A detailed treatment of supersymmetric Dirac-type operators can be found in 
[951 Ch. 5]. 

For clarity, we kept the tensor product notation in (I6.2D - (I6.4D . but from now on 
we will typically dispense with tensor products to simplify notation. 

In this section, we shall prove the following theorem: 

Theorem 6.3 (|22l Corollary on p. 217]). Consider the operator L given by (16.2p . 
Assume, in addition, that $ G (K”;= $(x)*, x G M", and assume 
there exists c > 0 such that |$(a;)| ^ cld, x G R", as well as (Q^) (x) —>■ 0 as 
I a; I —> oo. Then the operator 

dom(L) =dom(Q) = (6.7) 

is closed and Fredholm in L^(]R")^ Consequently, the supersymmetric Dirac-type 
operator 

, dom(i7) = (R") 2 ”'^ 0 i7 1 (6.8) 

is self-adjoint and Fredholm in L^(]R”)^"‘^ 0 L^(]R”)^"'^. 

In order to deduce Theorem 16.31 we need some preparations. The hrst result is 
concerned with the operator Q in (R")^ given by 6ID. Moreover, we will show 
that Q is skew-self-adjoint and thus verify the estimate asserted in (14.4p . 

Theorem 6.4. Let n G Nj >2 and hence S j G {1,... ,n}, with n = 2n 

or n = 2n -\-1, see Remark K.ll Denote 

d, : C L\W^f ^ f ^ d,f, j € {1,... ,n}. 

Then the following assertions {i)-(iii) hold: 

(i) dj is a skew-self-adjoint operator, j G {1,... ,n}. 

(ii) = djjj,n is skew-self-adjoint, j G {1,... ,n}. 

(Hi) Q = '^^=iTj,ndj, dom((5) = F[^{RT')^ is skew-self-adjoint {and thus closed) 
in L 2 (M") 2 ", 

Proof. By Fourier transform (see (15.21) 1. the operator dj is unitarily equivalent to 
the operator given by multiplication by the function x i—> ixj. The latter is a 
multiplication operator taking values on the imaginary axis; thus, it is skew-self- 
adjoint. Hence, so is dj, proving assertion (i). 

Let j G {!,...,n}. Assertion {ii) follows from observing that jj^n defines an 
isomorphism from L^(R")^" into itself. Indeed, this follows from the fact that 
'Jjn^ -^ 2 "- Moreover, since is a constant coefficient matrix it leaves the space 
(^((“(R")^" invariant. The equality 'yj^ndjcf = dj^j^nf) is clear for (j) G (^“(R”)^". 
Hence, dj^j^n D "/j,ndj and it remains to show that (^“(R")^" is a core for dj^j^n- 
Let if G dom{djjj^n)- Then there exists a sequence {i/ife}feeN in C((°(R")^" such 
that ifk —>• as /c —>■ oo in Dq. , the domain of dj endowed with the graph 

norm. Defining (fk ■= 7yriV'fc = Ij.nifk G C((°(R"')^", k G N, one sees that (fk —>■ 
if in L^(R”)^" and dj^j^nf’k = djifk —>■ dj^j^nif in L^(R”)^" as k ^ oo. Thus, 

{ij.ndj) = ~ ~'^i7i,n = ~lj,ndj- 

Assertion {Hi) is a bit more involved. We shall prove it in the next two steps. □ 
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We recall the following well-known fact in the theory of normal operators. 

Theorem 6.5 (see, e.g., [52l p. 347]). Let % he a complex separable Hilbert space 
and let A and B be self-adjoint, resolvent commuting operators acting on %. Then 

A + iB 

is closed, densely defined, and 

{A-^iB)* = A-iB. 

At this point we are ready to conclude the proof of Theorem l6.4l 

Lemma 6.6. Let TL he a complex, separable Hilbert space, Ai,..., A^ be resol¬ 
vent commuting skew-self-adjoint operators in TL. Let {'Jk}k&{i,...,n} a family of 
bounded linear self-adjoint operators in TL, all commuting with Aj, j G {1,... ,n}, 
in the sense that jkAj = Aj^k, j, k G { 1 ,..., n}. Assume that the following equa¬ 
tion holds, 

Iklk' +7fc'7fc =‘2.5kkG k,k' G n}. 

Then X]fe=i 7fc^fe closed on its natural domain dom(Afc), and 

C n \* n 

=-^-ikAk. (6.9) 

fe=i / fc=i 

Proof. We prove (j6.9(l by induction on n. The case n = 1 follows from (71 Ai)* = 
^171 = -A 171 = -71 Ai. 

Next, assume the assertion holds for n G N and consider the sum 

n+1 n+1 

A := ^ 7feAfc = 7i Ai + ^ 7feAfe, 

fe=l fe=2 

with its natural domain 0^=1 dom(Afc). Since = I-h, 7 i defines an isomorphism 

from TL into itself. Hence, A is closed if and only if yj^A is closed. One notes, 

( n+1 \ * n+1 n+1 n+1 n+1 

7i X! I ^ “ X! Tk^kli = - X! 7fc7+fc = X! TilkAk = 7i X! Tk^k, 

k=2 ) k=2 k=2 k=2 k=2 

( 6 . 10 ) 

in addition, 7171 A 1 = Ai is skew-self-adjoint. With the help of Theorem 16.51 it 
remains to check whether the resolvents of Ai and 71 7fc^fc commute. One 
observes that for 2 ; G q{Ai), 

n+1 n+1 n+1 

{z - Ai)~^ 7 i ^ 7 fcAfc = 7 i (2 - Ai)“^ ^ 7 fcAfe = 71 ^ 7 ^, (z - Ai)“^ Afc 
k^2 A.—2 k^2 

n+1 

Qli'^lkAkiz - Ai)~^. ( 6 . 11 ) 

fe=2 

Adding —z' (z — Ai)~^ for some z' £ g ^71 J2k=2 IkAk'^ to both sides of inclusion 
(16.111) . one obtains 

n+1 

- z {z- Ai)~^ (z- Ai)~^ 7 i ^ jkAk 
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n+1 


Q-z'iz-Ai) ^ + 7i (z - Ai) \ 


k^2 


Thus, 


n+1 


n+1 


{z - Ai) M ^ - 7i ^ -fkAk ^ “ 7i X! (^ “ ^i) ^: 


k^2 


k^2 


implying 


n+1 


n+1 


z'-^i'^^kAk\ {z-Ai) ^C(z-^i) ^ h' ~ 7i Tl IkAk 


k=2 


k=2 


proving assertion (16.91) since the domain of the operator on the left-hand side is all 
of-H. □ 


For proving the Fredholm property of L = Q -f d>, we will employ stability of the 
Fredholm property under relatively compact perturbations, or, in other words, that 
the essential spectrum is invariant under additive relatively compact perturbations. 
Thus, we need a compactness criterion and hence we recall the following compact¬ 
ness result for multiplication operators, a consequence of the Rellich-Kondrachov 
theorem, see [3J Theorem 6.3] (cf. and (15.11) for the definition of Ff^(]R")). 


Theorem 6.7. Let n G N and cj) G L^(R") such that for all e > 0 there exists 
A > 0 such that for all x G R”\i?(0,A), |^()(x)| ^ e. Then 




is compact. 


Proof. As is a Hilbert space, it suffices to prove that weakly convergent 

sequences are mapped to norm-convergent sequences: Suppose that {/fcjfceN weakly 
converges to some / in and denote M := supj,g|^ ||//c||hi(r"), which is finite 

by the uniform boundedness principle. In particular, {fk}keM converges weakly 
in H^{B{0,A)) for every A > 0. Hence, by the Rellich-Kondrachov theorem, for 
all A > 0 the sequence {fk}k£N converges in L‘^{B{0,A)). Next, let e > 0. As 
/ G there exists Aq > 0 such that ||/xb(o,Ao) ~/llz,^ < £, where we denoted 

by Xb(o.Ao) tbe cut-off function being 1 on the ball 5(0, Aq) and 0 elswhere. One 
can find A ^ Aq such that \4>{x)\ ^ e for jxj ^ A, and ko G N such that for all 
k > ko, one has ||/feXB(o,A) - /Xb(o.a)||l2 ^ £■ Thus, for fc > fco one arrives at 

W^'fk - 4>f\\ = ||#feXB(0,A) - 4>fXB{0,A)\\i^2 + ||<(>/fcXR"\B(0,A) “ #XR"\B(0,A) 11^2 

^||<^||i..e2+£+2M)^ (6.12) 

□ 


Remark 6.8. The latter theorem has the following easy but important corollary: 
In the situation of Theorem 16.71 let "H be a Hilbert space continuously embedded 
into for instance, TL = H'^(RA) (cf. (15.11) 1. then the operator of 

multiplying by (j) considered from LL to T^(]R”) is compact. Denoting by 5 —?> 
5^(R”) the continuous embedding, which exists by hypothesis, one observes that 
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with ^f)Fri(R»i)_>.L 2 (Rn) being the operator discussed in Theorem 16.71 Hence, the 
operator is compact as a composition of a continuous and a compact 

operator. o 

The proof of Theorem 16.31 will rest on the observation that L is Fredholm if and 
only if the essential spectra of L*L and LL* have strictly positive lower bounds. 
Thus, we formulate two propositions describing the opertors L*L and LL* in bit 
more detail: 

Proposition 6.9. The operator L given by (I6.2|l is closed and densely defined in 

T* = -Q + $, dom(T*) =dom(T) = (6.13) 

Proof. Since the operator of multiplication with the function $ is bounded and 
self-adjoint, the assertion is immediate from Theorem 16.41 □ 

Proposition 6.10. Assume that $ € (K”; is pointwise self-adjoint, that 

is, <!)(•) = 4)(-)*. For L = Q-\-^ given by (j6.2p . one then has {cf. (I6.4p l. 

L*L = - C -f and LL* = -b C -b 4>^ (6.14) 

where 

n 

C = Y.^jAd,<i>) = {Q<^), (6.15) 

i=i 

see also Remark EH Moreover, 

dom(L*L) = dom(LL*) = (6.16) 

{see (EH) for a definition of the latter). 

Proof. At first one observes that A tjj G i7^(K”)^"‘^ and L-tp G i?^(K”)^"‘^, then 
ip G iJ^+^(]R”)^"^. Indeed, from Lip = Qip-\-^ip, one infers ip-\-Qip = ipLipip G 
^fe(]^n) 2 "d differentiablity of $. By Theorem l6.41 the operator Q is skew-self- 

adjoint and therefore —1 G g{Q). Hence, ip = {Q-\- I)~^{Q -b I)ip G 
Therefore, if ?/; € dom(L) = with LiP G dom(L*) = ^^(R")^"'^, then 

Ip G i?^(K”)^ On the other hand, if '0 S JL^(R")^ then also ip G dom(L*L). 
The same reasoning applies to LL*. 

Next, we compute L*L. With Proposition 16.91 one obtains 

L*L = (-Q -b $)(Q -b $) = -QQ -b $Q - -b 

and 

LL* = (Q -b 4>)(-Q -b $) = -QQ - -b Q$ -b 

Recalling —QQ = —A/ 2 n^ from (j4.3p . one concludes the proof with the observation 
^Q— Qd? = $Q — 4>Q-bC = C, applying the product rule. □ 

We may now come to the proof of the Fredholm property of T = Q -b 4* with 
smooth potential $ satisfying for some c > 0, |4)(a;)| ^ cld, x G M", as well as 
satisfying C(x) = (Qd>)(x) —>■ 0 as |a;| —>■ oo: 
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Proof of Theorem \&.?,\ By hypothesis, ($(x))^ = x S K". From 

-A/d + $2 ^ c^/d, 

one deduces that the spectrum of — A/^ + is contained in [c^, oo). In particular, 
one concludes that the essential spectrum tTess(—AJ^ + <1)^) of —Aid + is also 
contained in [c^, oo). Since x ^ C{x) = (Q'h) (x) satisfies the condition imposed on 
$ in Theorem l6.71 one infers that C is — Aid + $^-compact, since the domain of the 
latter (closed) operator coincides with iJ^(R”)'^, which is continuously embedded 
into H^(JSPy. Recalling Proposition lh.lOl that is, 

L*L = -Al2^d-C + <S>^ 

one obtains aess{L*L) = (Tess(—A/^ + $^) C [c^,oo), as the essential spectrum is 
invariant under additive relatively compact perturbations (see, e.g., [21 Theorem 
5.35]). In particular, 0 ^ aess{L*L) implying that L*L is Fredholm. By a similar 
argument applied to Li*, one deduces the Fredholm property of L (using that 
ker(L) = ker(L*i) and ker(T*) = ker(LL*)). □ 


In the following sections, we are interested in a particular subclass of potentials 
$. In particular, we focus on potentials for which we may apply Theorem 13.41 A 
first main focus is set on potentials satisfying the properties stated in Definition 
16.111 the so-called admissible potentials. The reader is referred to Section fTOl and 
beyond for possible generalizations. It should be noted, however, that for more 
general potentials the derivations and arguments are more involved than for the 
ones mentioned in Definition 16.111 In fact, the main reason being assumption (ii) 
on the invertibility of $ everywhere. It is known (see the end of Section uni) that 
the operator L = Q + ^ has index 0 for $ satisfying Definition 16.111 Later on, we 
shall see that the study of potentials being invertible on complements of large balls 
around 0 can be reduced to the study of potentials being invertible everywhere 
except on a sufficiently small ball around 0. The arguments for the latter case, 
in turn, rest on the perturbation theory for the Helmholtz equation, see Section 
dn Hence, the derivation for the index formula for potentials being invertible 
everywhere exeept on a sufficiently small ball can be regarded as a perturbed version 
of the arguments given for admissible potentials. Therefore, we chose to present 
the core arguments for the by far simpler case of admissible potentials first. 

The precise notion of what we call admissible potentials reads as follows. 


Definition 6.11. Let $: K." — >■ for some d,n gN. We call $ admissible, if 

the following conditions {i)-{iii) hold: 

(i) [smoothness) $ G (R"; . 

[ii) [invertibility and self-adjointness) for all x G R", <I>(x)* = <I>(x) = il>(x)“^. 

[in) [asymptotics of the derivatives) for all a G Nq, there exists k > 0 and e > 1/2 
such that 


ll(a“$)(x)|| ^ 


K(l-b|x|) \ 
R(l + |x|)-l-^ 


|a| = 1, 

|a| >2, 


X G R”, 


where we employed multi-index notation and used the convention jaj = 

Remark 6.12. If iL G (R"\i?(0,1); is homogeneous of order 0, that is, for 

all X G R"\{0}, ik(x) = ’^[x/\x\), then ik satisfies Dehnition lhTlI lMp. Indeed, one 
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computes for x = G K"\{0} and j G {1,... ,n}, 


= R 


/ 0 \ 


^ a:0 

1 

Xj 

1 |3 

Xj 


|x| 


V 0 j 


V Xji j 


and 


(x) = dj o j (x) 

= ( (ai«')(a;/|a:|) ••• (dj'if) {x / \x\) 

( /o\ ( x^W 


1 

kl 


V V 0 y 

" 




\Xn ) ) 


fc=l 



Skj 


Xj^Xj 


idn'i')ix/\x\) ) 


establishing the assertion. We note that Callias [22] assumes that the potential 
“approaches a homogeneous function of order 0 as |a;| —>■ oo” such that Dehnition 
Ih.llI Cnil is satisHed. o 
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7. Derivation of the Trace Formula - The Trace Class Result 


In this section, we shall prove the applicability of Theorem 13.41 for the operator 


T=Q + $ (7.1) 

in as introduced in (16.21) with 

n 

given by (16.31) (or (14.11) 1 and an admissible potential $, see Definition 16.111 More 
precisely, we seek to establish that the operator 

XaBl{z) = ( {L*L + z)-^ - {LL* + z)"'), z € q{-LL*) n g{-L*L), 

(7.2) 

belongs to the trace class Si(L^(K")), where tT 2 n^ is given in dSH and XA is the 
multiplication operator of multiplying with the characteristic function of the ball 
centered at 0 with radius A > 0, that is, 


1, X G B{0, A), 

0, a; G R”\R(0,A). 


(7.3) 


Regarding Theorem 13.41 (with Fa = xa and = /A 2 (Rn)), we are then inter¬ 
ested in computing the limit for A —>■ oo of trA 2 (Rn)(xA-SL(-z))- This requires 
showing that xaBl{z) is indeed trace class for all A > 0. The limit z —>• 0 of 
limA-).oo ti'L 2 (R")(XA-SL(-z)) (provided it exists in an appropriate way, see (13.51) in 
Theorem 13.4|) then corresponds to the index of L. It turns out that to compute 
the limit of z —> 0 in the expression limA-).oo trA 2 (Rn)(xA.BA(z)) is rather straight¬ 
forward (see also Theorem I lO.lL once the respective formula is establishecfl. The 
main theorem, which we shall prove in the next two sections, reads as follows. 


Theorem 7.1. Let z G q{—LL*) D g{—L*L) with Re(z) > —1 and n G 
odd. Suppose that $ is admissible {see Definition \6 .ll\i . Then the operator xaBl{z) 
with Bl{z) and xa given by ( 17 . 21 ) and () 7 . 3 D . respeetively, is trace class, the limit 
f{z) := limA-).oo tr(xA-SL(^)) exists and is given by 


f{z) = {l + z)--/^(^ 


(n-l)/2 


[(n- l)/2]! A^oo 2A 


lim — 






[ ti{^{x){di^^){x)... {di^_^^){x))xj d^ ^er{x), 


(7.4) 


where e 


Jl\ . ..In 


denotes the e-symbol as in Provosition IA.8[ 


In order to deduce the latter theorem, we shall have a deeper look into the inner 
structure of Bl{z). A first step toward our goal is the following result. 


^From now on, we shall only furnish the internal trace, introduced in Definition l3.ll of operators 
living on an orthogonal sum of a Hilbert space, with an additional subscript. The operator tr 
without subscript will always refer to the trace of a trace class operator acting in some fixed 
underlying Hilbert space. In particular, for A £ the expression tr(A) denotes the sum of 

the diagonal entries. 
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Lemma 7.2. Let L and Bl{z) be given by (17.11) and (17.2|) . respectively. Then for 
all z € g(—LL*) (~l g{—L*L), 

2Bl{z) = ( [L, L* {LL* + z)”' ]) - {[L\L {L*L + z)"' ]) 

{where [•,•] represents the commutator symbol, cf. (j2.2|) L 

Proof. Let z G g{—LL*) (~l g{—L*L). One computes 

[L, L* [LL* + zY^] = LL* {LL* + - L* {LL* + z)”^ L 

= (LL* + z) (LL* + z)"^ - z (LL* + z)"^ - {L*L + z)”^ L*L 

= 1 - z (LL* + z)"^ - {L*L + z)"^ {L*L + z) + {L*L + z)”^ z 

= 1 - z (LL* + z)"^ - 1 + (L*L + z)"^ z 

= z (L*L + z)"^ - z (LL* + z)”^, 

and, interchanging the roles of L and L*, one concludes 

[L*, L (L*L + z)"^] = z (LL* + z)”^ - z (L*L + z)"^. □ 

The forthcoming Proposition 17.41 gives a more detailed description of the com¬ 
mutators describing Bl{z) just derived in Lemma FOl First, we need a prerequisit 
of a more general nature. 

Lemma 7.3. Let n G N, B G S(L^(K”)^ '^,L^(]R"')^ and let Q and 'yj,n, j G 
{l,...,n}, as in (16.31) and in Remark 16.11 respectively. Then, on the common 
natural domain of the operator sums involved, one has 

n n 

tr2"c(([2i ^]) = ^ 'Y ^2"d{[^j ■!Tj,nB]) = ^ , B'fjY)- 

i=i i=i 

Proof. One computes with the help of Proposition 13.31 and the fact = djlj.n, 

n 

iY2^d{QB - BQ) = ^ ti'and {^j,ndjB - Bj^^ndj) 

1=1 

n 

= X! {ij.ndjB) - {{BjjY 9^)] 

1=1 

n 

= X! {djlj,nB) - tr2nd((7j.n^) 9j)] 

1=1 

n 

= tl'2"d([^li 7l,n^])' 

1=1 

The second equality can be shown similarly. □ 

The following proposition represents the core of the derivation of the index for¬ 
mula. Once it is proven that xaBl{z) is trace class, with the trace being computed 
as the integral over the diagonal of the respective integral kernel, equation (17.51) will 
be the key for computing the trace. More precisely, the first summand is a sum of 
commutators of certain operators with partial derivatives. For the respective inte¬ 
gral kernels, this will give us an expression as in Lemma 15.61 (see also (15.51) 1. which 
will enable us to use Gauss’ divergence theorem, explaining the surface integral in 
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(I7.4[l . Furthermore, the second summand in equation (17.5|) as can be seen in equa¬ 
tion (TTtI) is basically a commutator of an integral operator and a multiplication 
operator. The integral kernels of this type of operators have been shown to vanish 
on the diagonal in Proposition [5^ thus, (TTfl) will give a vanishing contribution to 
the trace of Bl{z). 

Proposition 7.4 ( \22[ Proposition 1, p. 219]). Let L be given by (17.ip and z € 
q{—L*L) (~I g{—LL*). Then Bl{z) given by (17.2p satisfies 

n 

2BL{z)=Y.[d„Ji{z)\+AL{z), (7.5) 


Jl{z) =tT 2 fid{L{L*L +z) ^+tr 2 nd{L* {LL* + z) Sj>), jS {!,...,n}, 

(7.6) 

and 

AUz) = tr^., ( [$, L*{LL* + ^)-'] ) - tr^., ([$, L{L*L + z)-i]), (7.7) 

with ns in E.emark \(\A \ or AvvendixlAl 

Proof. One recalls that L* = —Q + ^ from Proposition 16.91 From Lemma 17^ one 
infers that 

2Bl{z) = tr2.d{[L,L*{LL* + z)"!]) - tr^.^ ([L*,L(L*L + z)"!]) 

= tr2n^ ( [Q -I-$, I/*(I/Z/*-I-z) ^])—tr2n^ ([— Q -I-$, Z/(I/*L-I-z) ^]) 

= tr2.d ([Q, L*{LL* + z)-i]) + tv2^d ([Q, L{L*L + z)-i]) 

+ p' 2 ^d L*{LL* + z) ^] ) — tr 2 n£; ( [$, Z/(Z/*L-|-z) ^]). 

The equations 

n 

{[Q,L*{LL* + z)-^]) = ^tr2«, ([a„L*(LL* + z)-S-,r^]), 
i=i 

and 

n 

tr2"d ([Q, L{L*L + z )-^]) = tr2Srf ( [dj,L{L*L -t ) 

follow from Lemma [731 □ 


Next, we show that (a modification in the sense of Theorem l3.4l ofl Bl{z) gives 
rise to trace class operators. Before doing so in Theorem 17.81 we need a different 
representation of Bl{z) in terms of powers of the resolvent of the (free) Laplacian. 
One notes that for z G C, with Re(z) > sup,j,gjj„ maxj |19j4>(a:)|| — 1, one has 
||Ci?i+ 2 || < 1, with C given by (16.151) . Hence, by Proposition l6.101 equation (I6.14L 
one obtains 

{L*L + z)-^ = (-A/2«d - C + (1 + z))-^ 

= ((-A/2.d + (1 + ^)) {h^d - Ri+zC))-^ 

= (/2.rf - i?i+.C)-' i?i+, 
oo 

= ^(i?i+,C)'=i?i+„, 


(7.8) 
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and, similarly, 

OO 

{LL* + z)-^ = + C + (1 + z))-^ = f (7-9) 


fc=0 


Consequently, by analytic continuation, one obtains for z G g{—L*L) fl g{—LL*) 
with Re(z) > — 1, 


N 


{L*L + z)-^ = Y, {Ri+zCf Ri+, + {Ri+,Cf+^ {L*L + z^ , (7-10) 


and 


/c=0 


N 


{LL* + z)-^ = Y {-Ri+zC)'^ Ri+. + {-Ri+.cf^^ {LL* + zY , (7.11) 


fc =0 


for all N G N. Focussing on resolvent differences, one gets the following proposition: 

Proposition 7.5. Let z G CRe>-i- One recalls L = Q + ^ as in dzlD, c = (Q$) 
from (I6.15p . and Ri+z in (14.611 . 

{i) Iflie{z) > sup^jgR™ maxj |l(9jd>)(a;)|| — 1, then z G g{—L*L) fl {—LL*) and 


{L*L + z)-^- {LL* + z)-^= 2Y Ri+z = 2 ^ i?i+, {CRi+Y'^+^ ■ 

k^O k^O 

as well as 

OO OO 

{L*L + z)-Y {LL* + z)-^= 2Y (Ri+zC)^’^ Ri+z = 2 Y Ri+z . 


fc=0 


/c=0 


(ii) If z € ^(—L*L) n ^(—LL*) and Re( 2 :) > —1; then for all N gN, 
{L*L + z)~^ - {LL* + z)~^ 


N 


= 2 YR 1 +Z + ( {L*L + z)-^ - {LL* + z)-^) {CRi+z)^^+^ 

k^O 

N 

= 2 YR 1 +Z + ( {L*L + 2)-^ + {LL* + z)-^) {CRi+z)^^+^ ■. 


k^O 


and 


{L*L z) + (LL* + z) 


-1 


N 


= 2 YR 1 +Z (Ci?i+.)'" + ( {L*L + z)-^ + {LL* + z)-^) {CRi+z) 


2N+2 


k=0 


Proof, {i) This is a direct consequence of equations (17.811 and (17.911 . 

{ii) For 2 : as in part (i) one computes, similarly to (17.1011 and (I7.11F with the help 
of item {i) for N gN, 

{L*L + z)~^ - {LL* + z)~^ 


N 


= 2^i?i+,(Ci?i+,)'"+V2 ^ R,+,{CRi+z) 


2fc+l 


fc=0 


fc=iV+i 
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N oo 

= 2 + 2 ^ i?i+, 

k—0 k—0 

N oo 

= 2 ^ i?i+, (Ci?i+,)'"+' + 2 ^ i?i+, (C7i?i+,)"'=+' (Ci?i+,)''^+' 

fc—0 fc—0 

N oo 

= 2 ^ i?i+, (Ci?i+,)'"+' + 2 ^ i?i+, (C7i?i+.)''= (Ci?i+,)''^+' . 
fc—0 k—0 

Hence, 

(L*L + 2)"^ - (LL* + z)"^ 

N 

= 2 ^ i?i+, {CRi+,f^+^ + ( {L*L + z)-^ - {LL* + z)"') {CRi+,f^+^ 

k^O 

N 

= 2 ^ i?i+, {CRi+,f^+^ + ( {L*L + z)-^ + {LL* + z)”') {CRi+,f^+^ , 

k=0 

again by part {i). Analytic continuation implies the asserted equalities. (The second 
term in item {ii) is treated analogously). □ 

Before starting the proof that xaBl{z), with Bl{z) given by (17.21) . is trace 
class, and then prove the trace formula in Theorem 17.11 for this operator, a closer 
inspection of the operators occuring in ProDOsition l7.4l with the help of Proposition 
O is in order. In particular, the principal aim of Lemma 17.71 is twofold: on one 
hand, we will prove that the power series representation of Bl{z), basically derived 
in Proposition [731 starts with an operator essentially of the form 

i?i+, 

for some /c G Nq. For this kind of operators we have a trace class criterion at hand. 
Theorem 14.71 together with Corollary 14.31 On the other hand, we also prove repre¬ 
sentation formulas for the operators in (17.61) and (17.71) . These formulas also start 
with operators involving high powers of Ri+z- This leads to continuity and differ¬ 
entiability properties for the corresponding integral kernels enabling the application 
of Proposition [53] and Lemma [5.61 

The key idea for proving Lemma 17.71 contained in Lemma 17.61 is to use the 
cancellation properties of the Euclidean Dirac algebra under the trace sign. For the 
Euclidean Dirac algebra we refer to Definition IA.3I moreover, we refer to Proposi¬ 
tion |A3] for the cancellation properties. 

Lemma 7.6. Let L = Q + ^ be given by jni). Let z G C with Re(z) > — 1 and 
z G g {—L*L) n g {—LL*) and recall C = [Q, 4)], /c G N odd. If either k < n or n is 
even, then 

(Ri+z{CRi+zf) =0. 

Proof. One observes using the fact that 'yj,m j G {1, ■ • ■ ,n}, commutes with both 
and (i9^4)), £ G {1,..., n} (cf. Remark I^Tl) . that 

n 
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fi.-" ,ik=i 
n 

= Y lil,n---l£k,nRl+z{di,<^)Ri+^---{de^^)Ri+^. 

Next, employing 

tr2"d {lii,n ■ ■■'y£^,nRi+z{de^^)Ri+z ■ ■ ■ idi^^)Ri+z) 

= tr2n ■ ■ ■ 74.n) ti'd (^Ri+zidi^^)Ri+z ■ ■ ■ 
for alHi, ..., ifc € {!,..., n}, one concludes that 

(^Ri+z{CRi+z)’") =0, 

by Proposition lA.81 □ 

Lemma 7.7. Let L = Q + ^ be given by (17.IP Let z £ C with Re( 0 ) > —1 and 
z G q{—L*L) (~l g{—LL*). One recalls Bl{z), J{^{z), and Al(z) given by (17.2|) . 
(Tm . and (TTTl) . respectively, as well as Ri+z given by (HU). Then the following 
assertions hold: 

(i) For all odd n £ N^a, 

n 

2Bl{z) = Y [dj, + M^) (7.12) 

i=i 

= ztr2^^d (2(Ri+,C)’^i?i+, + {{L*L + z)-^ - {LL* + z)YiCRi+zrY^ 
and, for all j £ {1,..., n}, 

Jiiz) = {jj,nQiRi+zCr-^Ri+,) +2tl-2na {jj,nHRi+zCr-^Ri+z) 

+ tr2«d {lj,nQ{iL*L + z)-^ + {LL* + z)-i)(Ci?i+,)") 

+ tr2«d (7j.n$((L*L + z)-^ + {LL* + 2)-i)(CRi+,)"), 

and 

Al{z) = tr2^:d ([$, $(2(i?i+,C)"i?i+, + {{L*L + z)-^ - {LL* + z)Y 

x{CR,+zrY]) 

- tr2«d ([$, Q(2(i?i+,C)"-ii?i+, + {{L*L + z)-^ - {LL* + z)Y 

X {CR^+zT)]). 

{ii) For all even n G N, 

Bl{z) = 0. (7.13) 

Proof. From Proposition [731 one has for Re(z) > — 1 and all TV G N, 

{L*L + zY -{LL* + zY 

N 

= 2YRi+ACRi+zf’^^^ + {{L*L + z)-^ - {LL* + z)YiCRi+zf^^^- 

k=0 

In addition, using Lemma 17.61 one deduces that for n even, 
lr 2 *id {{L*L F z) ^ — {LL* F z) ^) = 0, 
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and, for n odd, 

{{L*L + z) ^ — {LL* + z) 

= tr2.d (2(i?i+,C)"i?i+, + {{L*L + z)-^- {LL* + z)-^) (Ci?i+,)"+i). 

This proves (17.121) . 

In a similar fashion, using again Proposition 17.51 and the “cyclicity property” of 
(see Proposition 13.3|) . one obtains 

fl'2"d {L*L + z) Jj,n) + i'<^2^d {j-'* {LL* + z) 1j,n) 

= ^^2‘^d {L {L*L + z) ^ "fj^n + L* {LL* -\- z) ^ lj,n) 

= tr 2 n(j ((Q + $) {L*L + z) + {~Q + *&) {LL* + z) 

= ti'2"d (Q {L*L + zY^ - Q {LL* + zY^ lj,n) 

'L t^ 2 "d {^{{L*L + z) + {LL* + z) 'yj,n)) 

— fl' 2 "d {"/j,nQ{ {L*L + z) — {LL* + z) 

+ ^^ 2 "dilj,n^{{L*L +z) + {LL* + z) )) 

= 2tT^na {-fj,nQ{Rl+zCY~^ Rl+z) + 2tr2«d (7j.n$ {Rl+zCY~" Rl+z) 

+ tr2^d {l3,uQ{ {L*L + zY^ + {LL* + zY^) {CRi+Y" ) 

+ tr 2 "d (^*^ + ^) + {LL* + z) ^) (C'i?i+ 2 )” ), 

and 

^l(z) = tr2n^ ([<!>, L* (LZ/* + z) ]) — tr2n(j ([<&, T (L*T + z) ]) 

= tr2jjd ([$, L* {LL* + zY^-L {L*L + ]) 

= tr2.d (‘I’ {LL* + z)-' - $ {L*L + zY" ]) 

- tr2.d ([‘J>, Q {L*L + z)-' + Q {LL* + 2 )"' ]) 

= tr 2 n(j ([<i>, d>( (LL* + z) —{L*L + z) )]) 

- tr2.d ([<!>, Q( (L*L + z)-' + (LL* + z)"')]) 

= ([^, ^(2 {Ri+zCY Ri+z + { (L*L + z)-^ - (LL* + z)"^) 

X (Ci?i+.)"+')]) 

- tr2**d ([$, Q{2 {Ri+,CY~" Ri+z + {{L*L + z)”' + (LL* + z)”') 

x(Ci?i+.r)]). □ 

One important upshot of Lemma (7.71 is the fact (17.131) . implying that only odd 
dimensions are of interest when computing the index of L. Thus, we will focus on 
the case n odd, only. 

The next theorem concludes this section and asserts that the trace class assump¬ 
tions on Bl{z) in Theorem 13.41 are satisfied for Bl{z) given by (17.21) . As the se¬ 
quence {La}a we shall use {xa}a the sequence of multiplication operators induced 
by multiplying with the cut-off (characteristic) function XA- The sequence 
is set to be the constant sequence Sa = ZA 2 (Rn) for all A. Clearly, xa S L"+^(]R"') 
for all A > 0. 
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Theorem 7.8. Let n £ odd, L = Q+$ given by mi. Then there exists <5 > 0 
such that for all z £ g{—L*L) fl g{—LL*) and A > 0, the operator xkBl[z) with 
Bl{z) given by (17.211 is trace class with z i—>■ tr{\xKBL{z)\) bounded on i?(0,5)\{0}. 

Proof. We start by showing that 2 i-A xaRi+z{{CRi+z)^) is trace class with 
trace class norm being bounded around a neighborhood of 0, where C = (Q$) = 
jyj=i 7i.n is given by (I6.15|) . see also Bemark [ 2 ?Tl and Ri+z is given by (14.6|) . 
Using n = 2n + 1 we write 

XARi+ziCRi+zT) = {xaRi+z (CRi+zf) ((Ci?i+,)"+^) . 

By Theorem 14.71 the operators 

(xARi+z{CRi+zf) and 

are Hilbert-Schmidt by the admissability of 4> (in this context, see, in particular. 
Definition Ih.lll fitUl. Moreover, the boundedness of z i-A xa tr 2 s^ (Tii+jC)"' with 
respect to the norm in Bi (R")) around a neighborhood of 0, now follows from 
Theorem 14.21 together with the estimates in Theorem 14.71 and Lemma H751 (we note 
that we apply these statements for /r = 1 + z with z £ CRe>-i)- 

One recalls (employing the spectral theorem) that for all self-adjoint operators 
A on a Hilbert space TL with 0 being an isolated eigenvalue, the operator family 
z ^ z[A + z)~^ is uniformly bounded on B{0, < 5 ) for some (5 > 0. By Lemma [721 
(17.121) . the uniform boundedness oi z z{A + z)~^ on 5(0, <5) for some <5 > 0, and 
the ideal property for trace class operators, it remains to show that {CRi+z)^^^ 
is trace class, with trace class norm bounded for z £ 5(0, S') for some sufficiently 
small S' > 0. For n = 2fi -|- 1, one observes that (CRi+z)''~^^ is a sum of operators 
of the form 

'I'l • • • 5 i+2'I'„_|_i5i+ 2 = (4'i • • • Ri+z'^n+lRl+z) ('I'n+2 ’ ’ ’ Rl+z'^2n+2Rl+z) , 

where 4'^ are multiplication operators with bounded C^-functions with the prop¬ 
erty that for some constant k > 0 , |4'j(a;)| ^ ^ For deriving the trace 

class property of 

4'i • • • 5 i+2 4'„+i5i+ 2 = (4'i • • • 5i+2 4'fj+i5i+2) (4'f5+2 • • • 5i+24/2n-i-27^i-i-2), 

we use Theorem K7\ and Lemma 14.51 Let zq G (—1,0). By Theorem I4.7l fil one 
estimates for some n' > 0 , depending on n, k and Zq, and all z £ C 5 . 20 , 

n+1 n+1 

II (4'i • • • 5i+24'f5+i5i+2) ||b2 ^ 

i=i i=i 

where we used Lemma 14.51 in the last estimate. The same argument applies to 

('i'n+2 • ■ • Rl+z'i'2n+2Rl+z) ■ 

This concludes the proof since (CRi+z)’^~'~^ is trace class by Theorem 14.21 □ 

Remark 7.9. We note that the method of proof of Theorem l7.8l shows that the trace 
of xaBl(z) can be computed as the integral over the diagonal of the respective 
integral kernel. In fact, we have shown that xaBl(z) may be represented as sums 
of products of two Hilbert-Schmidt operators leading to the trace formula given in 
Corollary 14.31 o 
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8. Derivation of the Trace Formula - Diagonal Estimates 

In this section, we shall compute the trace of xaBl{z), A > 0, z G g{—L*L) fl 
q{—LL*) n CRe>-i, with Bl given by (13.21) . After stating the next lemma (needed 
to be able to apply Lemma (5.61 and Proposition 15.51 to the sum in (17.51) 1 we will 
outline the strategy of the proof. 

We note that for the application of Lemma 15.61 to the first summand in (17.5|) , 
one needs to establish continuous differentiability of the integral kernel of (17.6|) . 
In this context we emphasize the different regularity of the kernels of (|7.6I) for 
n = 3 and n ^ 5, necessitating modifications for the case n = 3 due to the lack of 
differentiability of (EH). 

Lemma 8.1 ([22l Lemma 4, p. 224]). Let n G odd, L = Q + 4) he given 

by EID: and let z G g{—LL*) D g(—L*L), with Re(z) > —1. Denote the integral 
kernels of the following operators 

Jliz) = trand {L {L*L + z)~^ 7j,„) - trand {L* {LL* + z)~^ 7y„), 

Al{z) = tr^., ([<!>, L* {LL* + 2 )"' ]) - tr^., ([$, L {L*L + 2 )"' ]), 

by Gjj^z, j G {I,...,n}, and Ga,z, respectively. Then Ga,z is continuous and 
satisfies GA,z{x,y) —>-0 if y ^ x for all x G K.". Ifn^5, Gjj^z is continuously 
differentiable on R” x R". 

Proof. Appealing to Lemma E3 one recalls with i?i+ 2 , Q, and G given by (14.6() . 
(16.3[) . and ()6.I5() . respectively, 

Jl{z) = 2 tr 2 ^rf ( 7 ,,„Q i?i+ 2 ) + 2 ^ 2 ^,^ ( 7 ,, Ri+z) 

+ t^2^d {L*L + z)-^ + {LL* + z)-^) {GRi+zT ) 

+ ^'‘^ 2 f‘d{Aj,n^{{B*L + z) ^ + {LL* + z) ^) (CAi+z)” ), j€{I,...,n}, 

and 

Al{z) = tr 2 .d ([$, $(2 {Ri+zCr Ri+z + ( {L*L + z)-^ - {LL* + ) 

X (Ci?i+ 2 )”+')]) 

- ([$, Q(2 {Ri+zCf-^ Ri+z + ( {L*L + z)"' + {LL* + z)"') 

X {GR,+zT)]). 

By Proposition 15.41 lone recalls that $ is admissible and hence $ G (R"; 
by Definition 16. lll lill. one gets for all £ S R, 

Q-ij,n{Rl+zCT~‘^ Rl+z G S(iL^(R”) 2 ”'',i 7 ^+ 2 ("- 2 )+ 2 -l(R") 2 "d^, 

For n ^ 5, one obtains from (2(n — 2)+ 2— I) = n — 3>0, the continuity of Gjj^z 
by Corollary 15.31 Moreover, since (2(n — 2) + 2— I) — n — I = n — 4>0, Corollary 
15.31 also implies continuous differentiability of Gjj^z- Similar arguments ensure the 
continuity of the integral kernel of Al{z) (for n 3). Moreover, for n ^ 3, the 
integral kernel of Al{z) vanishes on the diagonal by Proposition 15.51 □ 

Next, we outline the idea for computing the trace of xaBl{z). By Theorem 13.41 
and Theorem 17.11 we know that the limit limA->oo tr(y;A£3L(0)) exists. However, 
in order to derive the explicit formula asserted in Theorem 17.11 also for z in a 
neighborhood of 0, some work is required. As it will turn out, for z with large real 
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part - at least for a sequence {AfcjfcgN “ we can show that an expression similar to 
the one in Theorem 17.II is valid. 

For achieving the existence of the limit (without using sequences) for 2 : in a 
neighborhood of 0, we intend to employ Montel’s theorem. One recalls that for an 
open set U C C, a, set Q C ■— \ f JJ C} ig called locally bounded, if for all 

compact ft CU, 

sup sup 1 /( 2 )! < 00 . (8.1) 

f 2^0 

Theorem 8.2 (Montel’s theorem, see, e.g., [35], p. 146-154). Let U C C open, 
{/a}agn a locally bounded family of analytic functions on U. Then there exists 
a subsequence {/A^jfceN an analytic function g on U such that /a^ g as 
k ^ 00 in the compact open topology (i.e., for any compact set Tl <ZU, the sequence 
{/AfelnjfeeN converges uniformly to g|a). 

For our particular application of Montel’s theorem, we need to show that the 
family of analytic functions 

{2 tr(xA-BL(2))}A 

constitutes a locally bounded family. Thus, one needs to show that for all compact 
n C CRe>-i n g{-L*L) n g{-LL*), 

sup sup I tr(xA.BL( 2 ))| < 00 . (8.2) 

A>0 

For this assertion, it is crucial that some integral kernels involved in the computation 
of the trace vanish on the diagonal, see, for instance. Proposition 15.51 We note that 
generally, the expression 

supsuptr(|(xA5L(2;))|), (8.3) 

A>o zeo 

cannot be finite, as the example constructed in Appendix B demonstrates. In order 
to prove (lO) . we actually show for all C CR,e>-inp(—L*T)ng(—LL*) compact, 

supsup | 2 tr(xA.Bi( 2 ))| < 00 , (8.4) 

A>0 zGG 

and then appeal to the fact that condition (18.411 together with Theorem lT. 81 implies 
(18.21) . as the next result confirms: 

Lemma 8.3. Assume that {(/>fc}fegN is a sequence of analytic {scalar-valued) func¬ 
tions on ilc(0,l). Assume that {2 1 —>■ Z(j)k{z)}keN is locally bounded on 5(0,1). 
Then {(j)k}keti is locally bounded on 5(0,1). 

Proof. Assume that {(()fc}feeN is not locally bounded on 5(0,1). Then there exists a 
subsequence and a corresponding sequence of complex numbers {2fef}fgN 

with the property that Zki —>■ 0 and \(l)ki{zki)\ —>-00 as £ —>■ 00 . Since 

{'f’tjeen '■= {z fa z(j)k({z)}een 

is locally bounded on 5(0,1) there exists an accumulation point ip in the compact 
open topology of analytic functions 5(5(0,!)) on 5(0,1) by Montel’s theorem. 
Without loss of generality, one can assume that ip£ ^ ip in 'H{B{0, 1)) as £ —>■ 00 . 
By construction, one has ipe{0) = 0 and for some r > 0, 
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< sup |(V'K^)-V'K 0 ))l + I^K 0 )-^/’'( 0 )| 

zeB(0,r) 


for all z G B(0,r)\{0}. Since —>■ tp' uniformly on compacts, it follows that 

1 


lim sup sup 

>oo z£B(0,r)\{0} 




< oo. 


However, for i sufficiently large, one concludes 


sup 

-fjiiz) 

> 

— Mzke) 

^GH(0,r)\{0} 

Z 


Zke 


oo. 


a contradiction. 


□ 


Remark 8.4. It turns out that the analyticity hypothesis in Lemma |8. 31 is crucial. 
Indeed, for every n £ N, there exists a C^-function tpn- [0,1) —>■ [0,oo) with the 
properties, 

^n|( 0 . 1 /( 2 n)) = 0, 0 Ipriix) ^ Ipn = n, 1pn\{2/n,l) = 0- 

Then ipn{0) = 0 and 0 ^ xtpn{x) ^ {2jn)n = 2. Considering (pn{x + iy) := 
'pn{\x+iy\) for x, y G R, x+iy G B(0,1), n G N, one gets that (pn is real differentiable 
and the assumptions of Lemma 18.31 except for analyticity, are all satisfied. In 
addition, (pn{^) = 0, however, (pn (1/n) = n —>■ oo as n —>■ oo. Thus, {(/inlneN is not 
locally bounded on 5(0, 1 ). o 

The next aim of this section is to establish Theorem 18.71 that is, an important 
step for obtaining (18.21) . The terms to be discussed in Theorem 18.71 split np into a 
leading order term and the rest. The first term will be studied in Lemma |8.51 and 
the second one in Lemma 18.61 The strategy of proof in these lemmas is the same. 
It rests on the following observation: Let U C<C open, U ^ z ^ T{z) G 5(L^(]R")). 
Assume that for all z G U we have T{z) G Bi(L^(U'‘)) and that 2 !->■ tr(|T(z)|) is 
locally bounded. Then 

{z tr(xAT( 2 ))}A >0 

is locally bounded as well. Indeed, the assertion follows from the boundedness 
of the family {xa}a>o as bounded linear (multiplication) operators in 5(L^(K”)) 
and the ideal property of the trace class. In the situations to be considered in 
the following, the trace class property for T{z) will be shown with the help of the 
results of Section [4] 

Lemma 8.5. Let L = Q ^ he given by dZH) and for z G C with Re( 2 ;) > — 1 
let Ri+z be given by (14.61) and C as in (16.151) . n G N>i odd. For j G {1,... ,n}, 
let G as in Remark \6.l\ and XA as in (17.31) . A > 0. For z G CR,e>-i 

consider 

Mz) := XAtr2.A[Q,4>(C5i+,)"]) 

and 

^a{z) ■■= XA traSd ( [Q, Q {CRi +^)'^]). 

Then for all z G CRe>-i> the operators ipx{z), 'iPa{z) are trace class and the families 
{ 2 ; !-)■ tri 2 (R„)(V'A( 2 ))}A>o and {z tri 2 (Rn) (' 0 a( 2 :)) 
are locally bounded {cf. (18.11) 1. 
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Proof. First we deal with ipA{z). One computes, 

-ipAiz) = XA tr2"d ([Q, ^ (C'i?i+^)’"]) = XA tr2nd (Q$ {CRi+^)’^ 
Before we discuss the latter operator, we note that 

(Ci?i+,)” = $Q {CRi+,f + [Q, $] (Ci?i+,)" 

'^i=i 

+ [Q,$] (ci?i+,r. 


$(ci?i+,rQ). 


(Ci?i+,)"Q 


where the latter equality follows via an induction argument. Hence, 

Mz) = XAtr^.d 

+ [Q,$](Ci?i+,ry (8.5) 

Next, with the results of Section 01 we will deduce that the operator family 

+ [Q,d>] (8.6) 


is trace class, which - together with the estimates in Lemma 14.51 - establishes the 
assertion for tpA- Indeed, the only difference between (18.51) and (18.61) is the prefactor 
XA- So we get the assertion with the help of the reasoning prior to Lemma [S31 In 
order to observe that each summand in (18.61) is trace class, we proceed as follows. 
Recall n = 2n + l and let j G {1,..., fi} (the case n — j G {1,..., n} can be dealt 
with similarly). Then, by the admissability of $ (see Hypothesis 16.lip , one infers 
that [Q, C] is a multiplication operator with 

|[Q, CKa;)! < k( 1 + |a;|)“^“'^, a; G K”. 


Hence, asl + e>3/2by Definition 16. Ill Theorem 14.91 applies and guarentees that 


{CRi+,y-^[Q,C]Ri+,{CRi+,f-^ 

is Hilbert-Schmidt. Using Theorem 14.71 one deduces that (Ci?i+z)"'+^ is also 
Hilbert-Schmidt and thus 


{CRi+,y-yQ,C]Ri+,{CRi+,f-^{CRi+,f+^ 

is trace class, by Theorem 14.21 

For t/ja one proceeds similarly. First one notes that 

^a(^) = XAtr2., (^Q(^f^(CRi+z)^-'[Q,C]Ri+z(Ci?i+z)”-^)). (8.7) 

Applying Theorems 14.71 0?^ and 14.21 one infers the assertion for '0 a- However, 
one has to use the respective assertions, where some of the resolvents of the Lapla- 
cian is replaced by Q times the resolvents. Indeed, in the sum in (18.71) . the term 
for J = 1 yields 

Q[Q,C]Ri+z(Ci?i+z)"-i = [Q,[Q,C]]i?i+z(Ci?i+z)"-^ 

+ [Q,qQRi+.(CRi+z)"-' 
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= [Q,[Q,C]]Ri+,{CRi+,r-^ + [Q,C]Ri+4Q,C]Ri+4CRi+,r-^ 

+ [Q,C]Ri+,CQRi+,iCRi+,r-^, 

and for j' £ { 2 ,..., n} one obtains 

QCRi+,{CRi+y-^[Q,C]Ri+,{CRi+,r-^' 

= [Q, C]Ri+,{CRi+y-^[Q, C]R,+,{CRi+,r-^' 

+ CQRi+,{CRi+,y'-^[Q,C]Ri+,{CRi+,r-^'. □ 


The next lemma is the reason, why we have to invoke Lemma 18.31 in our argu¬ 
ment. The crucial point is that we can use the Neumann series expressions for the 
resolvents {L*L + z)~^ and (LL* -|- z)~^ only for z with large real part. But for z 
in the vicinity of 0, we do not have such a representation. Using again the ideal 
property for trace class operators, we can, however, bound z{L*L -|- z)~^ for small 
z in the S(T^(]R"))-norm. Introducing the sector C C by 

Szo.is ■={z eC\ Re(z) > zo, | arg(/i)| < z?}, ( 8 . 8 ) 

for some zq G K and z? G ( 0 , 7 r/ 2 ), the result reads as follows: 


Lemma 8.6. Let L = Q + ^ be given by (EB) and for z G C with Re(z) > — 1, let 
Ri+z be given by (14.61) and C as in (j6.15p . XA as in (j7.3p . A > 0. For j G {!,..., n}, 
letxj^n G as in Remark \6.l[ For z G <CB.e>-iF g{—L*L)ng{—LL*) consider 

Va{z) ■= XAtT,., ([Q, 4>( {L*L + z)-' - {LL* + z)"') (Ci?i+,)"+' ]) 

and 


Va{z) ■■= XA tr 2 «, ([Q, (Q( {L*L + z)"' - {LL* + z)"') (CRi+,)"+')]). 

Then for all z G CRe>-i np(—L*L)(~lp(—LL*), the operators rj{^{z), rjA{z) are trace 
class. There exists S G (—1,0), d G ( 0 , 7 r/ 2 ) such that the families 


UCRe >0 9 Z H> ztri2(jjn)(77A(2:))}A>0 


and 

U CRe >0 3 Ztri 2 (R^) (^a(2))}a>o 
are locally bounded {cf. (18.11) 1. 


Proof. By the Fredholm property of L there exist i5 G (—1, 0) and d G (0, 7 r/ 2 ) such 
that 

S 5 ,i 9 \{ 0 } 3 z I—>■ z (L*L -I- z) ^ and E 5 ^,j\{ 0 } 3 z i—>■ z {LL* + z) ^ 

have analytic extensions to Let fl C E^^,^ U CRe>o be compact. One notes 

that 

fl 9 z !->■ z (L*L -I- z)~^ and fl 9 z !->■ z {LL* + z)~^ 

define bounded families of bounded linear operators from L^(]R”)^"‘^ to iJ^(]R”)^"‘^. 
Indeed, by Proposition lG.lOl one infers that 4> i-9 || {L*L+l)4>\\ and (f i-9 || (LL*-|-1)^|| 
define equivalent norms on iJ^(]R”)^"‘^. Hence, for (f G L^(]R”)^"‘^ and z G O\{0} 
one computes 

II(L*L -f l)z(L*L -8 2)"V|| = l^l \\{L*L + z + l- z){L*L + z)"V|| 

^|z|||<^|| + |z||(l-z)d||</>||. 

Ul 
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Next, consider 

Va{z) = XA ([Q, {L*L + z)-^- {LL* + z)"') (Ci?i+,)"+' ]) 

= XA tr2.^ (Qcl,( {L*L + z)-^ - {LL* + z)"') 

- $( {L*L + z)-^ - {LL* + z)-^) Q). 

For the first summand one observes that 

Q$( {L*L + z)-^ - {LL* + z )-^) (Ci?i+,)"+^ 

= C{ {L*L + z)-^ - {LL* + z )-^) (Ci?i+,)”+^ 

+ $Q( {L*L + z)-^ - {LL* + z)-^) {CRi+,T+^ . 

Employing our observation at the beginning of the proof and Theorem 16.41 one 
realizes that 

n3z^Qz{ {L*L + z)~^ - {LL* + z )~^) 

defines a bounded family of bounded linear operators in Thus, since 

n 9 z I—>■ {CRi+z)^'^^ is a family of trace class operators, 

9 z ^zXAtr 2 ^d (Q$( {L*L + z)”' - {LL* + z)"') ) 

= tr2^*d (zXA(Qd>( {L*L + z)-^ - {LL* + z)"') )) 

is uniformly bounded in Bi, with bound independently of A > 0, upon appealing 
to the ideal property of trace class operators. 

The second summand requires the observation that 

Q = {CRi+,r {CRi+,) Q = {CRi+,r {CQRi+z) 

defines a bounded family of trace class operators for z € fl, proving the assertion 
for rjA- 

The corresponding assertion for rjA is conceptually the same. In fact, it follows 
from the observation that 

O 9 z ^QQz{{L*L + z)"i - {LL* + z)-^) 

= M^^az{{L*L + z)-^ - {LL* + z)-^) 

is a bounded family of bounded linear operators by our preliminary observation 
that Lt B z ^ z{L*L + z)~^ and fl 9 z — z{LL* + z)~^ define uniformly bounded 
operator families from to as well as using again the fact that 

9 z HA (C'i?i+^)"+^ Q and O 9 z HA (Ci?i+^)"+^ 
constitute bounded families of trace class operators. □ 

Lemmas 18.51 and 18.61 can be summarized as follows. 

Theorem 8.7. Let n G odd, let L = Q + $ be given by CD and for z € C 
with Re(z) > — 1 Zet Ri+z be given by (j4.6p and C as in (16.1511 . For j € {!,... ,n}, 
let^j^n G as in R,emark \(^.l\ For z G CR,e>-inp(—LL*)np(T*L), introduce 

Mz) ■■= XA tr 2 .d ([Q, $((L*L + z)-i + {LL* + z)"!) (Ci?i+,)"]) 

and 


</>A w := XA 11-2., ( [Q, {Q{{L*L + z)-^ + {LL* + z)-^) (Ci?i+,)")]). 
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Then for all z € CRe>-i H g{—LL*) fl g{L*L), the operators trace 

class. There exists S G (—1,0), i? G (0,7r/2) such that the families 


U CRe>0 5 Z 1-^ trL2(Rn) (z^a(^))}a>o 

and 

UCRe>0 5 Z trA2(Rn) (z^a(2:)) 

are locally bounded {cf. (18.11) '). 


Proof. One recalls from equations (17.81) and (17.91) the expressions 
{L*L + z)-^ =1+ {L*L + z)-^ CRi+,, 
{LL* + z)“^ = / - {LL* + z)~^ CRi+,. 


Hence, one gets 

(l>Aiz) = XA tr2Sd (2 [Q, $ (Ci?i+^)"]) 

+ XAtr2., ([Q, $( {L*L + z)-^ - {LL* + z)"') ]) 

= 2iPa{z) + r]A{z), 

and 

Mz) = XA tr2.d (2 [Q, Q (Ci?i+,)"]) 

+ XA tr2.rf ([Q, Q( {L*L + z)-^ - {LL* + z)"') (Ci?i+,)"+' ]) 

= 2tPa{z) + rjA{z), 

with the functions introduced in Lemmas 18.51 and 18.61 Thus, the assertion on the 
local boundedness follows from these two lemmas. □ 


The forthcoming statements are used for showing that for computing the trace 
the only term that matters is discussed in Proposition 18.131 We recall that by 
Remark 17^ one can compute the trace of xaBl{z) as the integral over the diagonal 
of its integral kernel. So the estimates on the diagonal derived in Section [5] will be 
used in the following. We shall elaborate on this idea further after having stated 
the next two auxiliaury results. Both these results serve to show that some integral 
kernels actually vanish on the diagonal. 

Lemma 8.8. Let n G be odd, z € C with Re( 2 ;) > —1. Let Ri+z, Q, C, and 
"fj^n G j G {l,...,n}, be given by (j4.6l) . (16.31) . (16.151) and as in Remark 

16.11 respectively. Let $: R” —^ i^dxd admissible {see Definition \6.11\\ . Then for 
all j G {1,... ,n}, 

{lj,nQ{Rl+zC)'^~^ Ri+z) = -tr 2 n£; {xj.nQ {Ri+z^QT~‘^ Rl+z) ■ (8.9) 

Proof. One has 

{-lj,nQRl+zCRi+z) = tr 2 S£; {'^j,nQRl+z (Q$ “ ^>2) Rl+z) , 

= {ij,nRi+zQQ‘i’Ri+z) 

- to^d {ij,nQRi+z^QRi+z) 

— l'^2^d {ij.nQRl+z^QRl+z) ; 
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using Proposition IA.8I to deduce that tr2n^ {'^j,nRi+zQQ^Ri+z) = 0. In order to 
proceed to the proof of (j8.9ll . we now show the following: For all odd k € {3,..., n} 
and £ G { 0 ,..., fc — 2} one has 

{Rl+zCf~'^ Rl+z) 

In the beginning of the proof we have dealt with the case fc = 3. One notes that 
equation (|8.10l) always holds for £ = 0. Next, we assume that fc € {5,..., n} is odd, 
such that equality (18.101) holds for some £ € {0,..., fc — 3}. Then one computes 

(7y,nQ(Rl+zC)''~^ 

= (-1)^ tr2«d (7,.„Q (Ri+,<PQf (Ri+,Cf-^-^ i?i+,) 

= (-1)^ (7,.„Q (Ri+,<PQ/ Ri+,C (Ri+,C)^-^-^-^ i?i+,) 

= (-1/ tr 2 .d (7,.nQ (Ri+z<^Qf Ri+z (Q$ - $Q) 

= (-1/ tr2.d (7j,nQ (Ri+z<^Qf QRi+z<^ i?i+,) 

+ (-1)^+' tr2.d (7j,nQ(Rl+z<^Qf^^ 

By Corollary lA.91 the first term on the right-hand side cancels, proving equation 
(18.101) . Putting ^ = fc — 2 in (18.101) implies the assertion. □ 

The following result is needed for Lemma r8.101 however, it is also of independent 
interest. Indeed, we will have occasion to use it rather frequently, when we discuss 
the case of three spatial dimensions specifically. Lemma 18.91 should be regarded 
as a regularization method, while preserving self-adjointness properties of the (L^- 
realization) of the underlying operators: 

Lemma 8.9. Let e > 0, n G N, and T G ij("/2)+®(]R")). Re¬ 

calling equation (15.31) , we consider 

t: R” X M” ^ (x, y) 1—>■ (i5{x}i ■ 

For y > 0 we denote := (1 — fiA) ^ T (1 — ^A) ^ and t^ correspondingly. Then, 
for all (x, y) G M” x R", 

t^{x,y) t{x,y). 

Proof. It suffices to observe that for all s G R, (1 — —> I strongly in 7L®(R”) 

(see (15.11) 1. □ 

In order to proceed to prove the trace theorem, we need to investigate the as¬ 
ymptotic behavior of the integral kernel of Jf{z) given by (17.61) on the diagonal. By 
Proposition 17.41 together with Lemma [5.61 we can use Gauss’ divergence theorem 
for computing the integral over the diagonal (see also (15.5^ 1. Thus, in the expres¬ 
sion for the trace of xaBl{z) we will use Gauss’ theorem for the ball centered at 
0 with radius A. Having applied the divergence theorem, we integrate over spheres 
of radius A. The volume element of the surface measure grows with A"“^, so any 
term decaying faster than that will not contribute to the limit A —>■ 00 in (|7.4I) . 
Consequently, any estimate of integral kernels (or differences of such) to follow with 
the behavior of \x\'^~^^^ for some 7 > 0 on the diagonal, can be neglected in the 
limit A 00, when computing the expression hmA->.oo 
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Lemma 8.10. Let n G N odd, j G z € C, Re(z) > —1 and Ri+z be 

given by (j4.6|) as well as Q, C and given by (I6.3|) . (|6.15ll and as in Remark 
HU Then for n ^ 3, the integral kernel /i2j of 

2 tranrf (7j.n® Ri+z) 


satisfies, 


h2j{x,x) = h3j{x,x) + go, j{x,x), 

where h 3 ,j is the integral kernel of 2tr2K(i and goj satisfies for 

some K > 0, 

\go,j{x,x)\ < k(1 + 1 x 1 )^“”“^", X G R”, 

where e > 1/2 is given as in Definition \(l.l\\. In addition, if n ^ 5 and z G R, then 
the integral kernel hi j of 


{lj,nQ (Rl+zC)'^ ^ Rl+z) 


vanishes on the diagonal. 


Proof. We discuss hi,j first and consider the operator 

Bn := {^QRi+zT~^ $ = $ , 

which is self-adjoint for all real z > — 1. Indeed, this follows from the self-adjointness 
of $ and the skew-self-adjointness of QRi+z- For fr > 0 define Bn,)i '■= (1 — 
/rA)“^i 3 „(l — Then the integral kernel bn,fi of Bn,^ is continuous. Moreover, 
for all real z > —1, the opertor Bn,^ is self-adjoint, by the self-adjointness of Bn 
and so bn,^ is real and satisfies bn,^{x,y) = bn,^{y,x) for all x,y € R". By Lemma 
18.81 one recalls 

ti'2Kd Ri+z) 

= - tr2"d (bj.nQ iRl+z^QT~^ Rl+z) 

= - tr2"d {'lj,nQRl+z ) 

= — tl2fid {'lj,nQRl+z i^QRl+z)^ ^ 

— fr2?i^ {'yj,nQRl+zBnQRl+z) ■ 


By Fubini’s theorem and the symmetry of Bn,fi, one has for aX\ j,k G {1,..., n} 
and x G M", z > —1, y>Q, 


4-. 


— / (9j7’i_|_z)(xi 

1r"xR" 


/ 

/ 

JW 


{djri+z){xi 




{dkri+z){xi 




x)hn,k.{xi,X2){dkri+z){.X2 
x)bn,fi (X2 , Xi ) {dkVl+z ) {X2 
x)bn,fj. (xi , X2)idjri+z)ix2 


= 'l>x,t,{k,j)- 

By Lemma [53] one has for all x, y G R", 


x) (i"xid”x2 
x) (i"xid"x2 
x) (i"xid"x2 


hi,j{x,y) = -limtr2n 
^4-0 


2^ Ij,n'yi2,n'yi3,n(. 
* 2,23 = 1 


/ 


ri+zix - Xi)6„,^(xi,X2) 


X (ai 3 ri+^)(x 2 -y)d”xid”x2 
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= limtr2nd( Y 7j.n7i2.n7i3.n / {di2ri+z){xi - x)b„^fj.{xi,X2) 

A'-l-O '^i2,j3 = l •/R"xR" 

X {di^ri+^){x 2 - y) crxi(Px 2 ). 

Thus, it follows from Corollary IA.9I that 




(x, x) = limtrnnw 

^ ^ fj,lO 



= 0 , 


X € M”. 


The assertion about h 2 j is a direct consequence of Remark 15.181 and the asymptotic 
conditions imposed on <f>. □ 


For the estimate on the diagonal of the integral kernels of the operators under 
consideration in the next theorem we need to choose the real part of z large. In 
fact, we use the Neumann series expression for the resolvents {L*L + z)~^ and 
{LL* + z)~^ and Remark 15.151 both of which making the choice of large Re(2:) 
necessary. We shall also have an a priori bound on the argument of z, recalling the 
definition (18.81) of the sector C C. 

Theorem 8.11. Let L = Q + ^ be given by (EH, and for z G CRe>-i, i?i+2 
be given by (14.61) and C as in (I6.15p . For j G {l,...,n}, let 7j_„ G ([^2 "x 2" 
Remark K. Ill , and d G (0, 'x 12). Then there exists zq > 0, such that for all Z ^ '^zo,'d 
(see dHU)), the integral kernels gij and g 2 ,j of the operators 

L + z) + (LL* + z) ) (Ci?i+z) ) 

and 

tr2^d {L*L + z)-^ + {LL* + z)"') (C'Ri+ 2 )" ), 

respectively, satisfy for some k > 0, 

[|gij(a;,a;)| + \g 2 j{x,x)\] < k(1 + \x\)~'^, x G R”. 

Proof. We choose zq such that ,/zq > 2n (one recalls Remark 15.151) and that for 
M := sup,j,gR„ ||'i>(a::)|| V || (Q4>) (a::)|| one has 2M[zo cos(i?)]“^/^ < 1/2. We treat gij 
first. Let then, 

7,,„$( {L*L + z)-^ + {LL* + z )-^) (C'Ri+2)” 

00 

= 7,,„$2 (R1+2C)” ^ {Ri+.C)'^^ Ri+2 
k^O 
00 

= ^ 7,-„$2 (Ri+^C)” Ri+2. 

For X € one infers (recalling iR (|5.3p ). 

/ 00 

giAx,x) = (Ri+2Cri?i+2(5{,} 

^ k^O 

00 
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Hence, by Lemma [5. 141 together with R.emark l5.151 there exists c > 0 such that for 
all X G R”, 

Rl+zS{x})\ ^ j 

Since 2M[1 + ^ 1/2, one concludes that 

OO 

k=0 



The analogous reasoning applies to g 2 ,j- □ 

We conclude the results on estimates of certain integral kernels on the diagonal 
with the following corollary, which, roughly speaking, says that the diagonal of the 
integral kernels involved is determined by the integral kernel of the operator to be 
discussed in Proposition 18.131 

Corollary 8.12. For z G C, Re(7;) > —1, denote Ri+z as in (14.61) . let $: R." —>• 
he admissible {see Definition \G.ll\\ . and L = Q + ^ as in (17.11) . G (0,7r/2). 
In addition, denote Jj^{z) for z G g{—L*L) (d g{—LL*) as in (17.61) for all j G 
n}, and C as in (16.151) . Moreover, let "fj^n G , j G {!,..., n} {cf. 

Remark \6.1L 

{i) Let n G j G {1,... ,n}. Then there exists zq > 0, such that if 
(see (EH), and h and g denote the integral kernel of 2 tT 2 fid {'yj,n^C^ ^Ri+z) 
Jf{z), respeetively, then for some k > 0, 

\h{x,x) — g{x,x)\ ^ k(1 + 1x1)^“”“*^, X G R.", 
where e > 1/2 is given as in Definition al. \\\ . 

{ii) The assertion of part {i) also holds for n = 3, if, in the above statement, Jf{z) 
is replaced by Jf{z) - 2tr2d {-^j^^QRi+zCRi+z). 

Proof. One recalls from Lemma 17.71 

Jliz) = 2tr2., (7,.nQ {Ri+zCr~" Ri+z) + 2tr2.d (7j.n$ R,+z) 

p 1 '^ 2 '^d {'yj,nQ{iL*L + z) + {LL* + z) ) {CRi+z) ) 

l'<^ 2 ^d R ^ + {LL* + z) ^ ) (CRi+z)" ) . 

With the help of Theorem 18 .11 1 one deduces that the integral kernels of the last two 
terms may be estimated by k( 1 + Ixj)”" on the diagonal. The integral kernel of 
the first term on the right-hand side vanishes on the diagonal, which is asserted in 
Lemma [8. 101 Hence, it remains to inspect the second term of the right-hand side. 
Thus, the assertion follows from Lemma [8. 101 □ 

Having identified the integral kernel gj of 2 tr2nj; Ri_^_^) to be the only 

term determining the trace of XABkiz) as A —?► oo, we shall compute the integral 
over the diagonal of gj: 
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Proposition 8.13. Letn G odd, C as in (I6.15|l . z G C, Re(z) > —1, with Ri+z 
given by (14.6|) . $: R" —)► he admissible {see Definition \t!>.ll\i . G 

j G {1,..., n}, as in Remark \Q.\\ Then for j G {1,..., n}, the integral kernel gj of 

satisfies, 


gj{x,x) = {l + z) 


. ^ (n-l)/2 


[(n-l)/2]! 

X X] ^iii - in -1 tr ($(a::)(5ii$)(x)... (5i„_i$)(x)), x G R", 
where denotes the e-symbol as in Provosition I A. 8 1 

Proof. We recall that n = 2n+ 1. With the help of Proposition lA.81 gj is given by 


{x,y) HA 2{2if E tr ($(x)(5ii$)(x)... (az„_i4>)(x)) 

X / ri+2(x - Xi)ri+2(xi - X 2 ) • • •-ri+2(x„_i - ?/)d”xi • • 

y(Rn)r .-1 

Hence, by substitution in the integral expression and putting x = y, one obtains 

n 

gfix,x) = 2{2i)^ eji,,„i„_jtr($(x)(a*i$)(x)...(9i„_i4>)(x)) 




/ ri+^(xi)ri+^(xi - X2) • • • ri+z{xn-i) d^'Xi ■ ■ 


■d^^Xn-1. 


The last integral can be computed with the help of the Fourier transform and polar 
coordinates, as was done in Proposition l5.8l In fact, one gets (see also [57l 3.252.2]), 

/ ri+^(xi)ri+^(xi -X2)---ri+^(x„_i)d”xi---d”x„_i 


= (27r) 


27r"/2 /■“ 


nOO 

/ r"-i- 

Jo I 


1 


= (27r 


Tin/2) J, (r^ + l + zY 

27r"/2 


■ dr 


-n ,, , ,_„/2 2-"0Fr(n/2) 

(1 + z) - 


r(n/2) 
1 1 


[(n-l)/2]! 


22"-i 7r("-i)/2 [(n- l)/2]! 


(1 + ^) 


— n/2 


and notes that 


2(2i) 


(n-l)/2_ 


1 1 


22n 1 j^(n-l)/2 _ l)/2]! 


. X (n-l)/2 


2(4n-4-n+l)/2 [(„_ l)/2]! 


(n-l)/2 


2(3n-3)/2 [(n_ i)/2]! 


. s (n-l)/2 


[(n-l)/2]!- 


□ 
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Finally, we are ready to prove the (trace) Theorem 17.11 for n ^ 5, that is, we 
consider the operator L = Q + ^ with an admissible potential $, such that $ is 
smooth and attains values in the self-adjoint, unitary dx d-matrices. In addition, we 
recall that the first derivatives of behave like for large x, whereas higher- 

order derivatives decay at least with the behavior for large x and some 

e > 1/2. We note that we already established the Fredholm property of L in 
Theorem lB.dl We outline the proof of Theorem l7.ll for n ^ 5, as follows. The results 
in Section [7] yield the applicability of Theorem 13.41 More precisely, the operator 
XaBl{z) is trace class with trace computable as the integral over the diagonal of 
the integral kernel of xaBl{z). With Proposition 17.41 we will deduce that only the 
term involving being analysed in Lemma l7.71 matters for the computation of 

the index. Next, we will show that {z tr{xAB l{z))}a>q is locally bounded using 
Lemma EH (in particular (15.51) 1. The local boundedness result is then obtained 
via Gauss’ divergence theorem and Lemma 18.101 as well as Theorem 18.71 Having 
proved local boundedness, we will use Montel’s theorem for deducing that at least 
for a sequence {AfcjfcgN the limit / := limfc_>oo tr(xAfcl3i(’)) exists in the compact 
open topology, that is, the topology of uniform convergence on compacts. With the 
results from Corollary 18. 121 and Proposition [8T3l choosing Re(z) sufficiently large, 
we get an explicit expression for /. The explicit expression for /, by the principle 
of analytic continuation, carries over to z in a neighborhood of 0. As we know, 
by Theorem 13.41 that the limit limA_,.oo tr(xAi?i(0)) exists and coincides with the 
index of L, we can then deduce that not only for the sequence {AfcjfceN but, in fact, 
the limit limA->.oo ti'(XAl?L(’)) exists in the compact open topology and coincides 
with / given in (17.41) . The detailed arguments read as follows. 

Proof of Theorem \7.1\ for n ^ 5. By Theorem 17.81 xaBl{z) is trace class for every 
A > 0. Moreover, by Bemark lTH iv{xABL{z)) can be computed as the integral over 
the diagonal of the respective integral kernel. Hence, by Proposition 17.41 equation 
dZH), recalling also Remark 15.21 one obtains 

2tr(xA^L(2:)) = 2 / {5{^},Bl{z)5{^})^ -(n/2)-e ^(n/2) + e d X 

JB{0,A) 

^ Ib{0 A) i^pdliz)] + d^x 

= [ (d{x},'^[dj,Jl{z)]S{^}\d^x, ( 8 . 11 ) 

Jb{o,a) \ ;^ / 

where we used Lemma [8T] to deduce that Al{z)5{x}) = 0 for all x G K". 

Next, we prove that {z tr{xABL{z))}A>o is locally bounded. One recalls from 
Lemma [L21 

Jliz) = 2tr2«d {xj,nQ{Ri+zCf~^ + 2tr2«d 

+ tT 2 nii {Xj,nQ{iL*L + z) + {LL* + z) ) (Ci?i+z) ) 

+ tr 2 fi-d L + z) + {LL* + z) ){CRi+z) )■ 


^ [d,,Jl{z)] = (2tr2«d {Xj,nQ{Rl+zCr-^Rl+z) 

i=i i=i 


Hence 
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+ 2tT2na (7,-„$(i?l+,C')”-li?i+,))] 

+ ([Q, Q( (L*L + z)-^ + {LL* + z)"') (Ci?i+,)" ]) 

+ t^2^d ([Q, iL*L + z)-^ + {LL* + z)-^) (Ci?i+,)"]). (8.12) 


Denoting by hj the integral kernel of 2tr2nrf (7j,n<i>C” ^Ri+z), one observes that 
for some constant k > 0, \hj{x,x)\ < k(1 + |a;|)^“", x G K". Hence, for any A > 0, 
invoking Lemma l5.6l Gauss’ theorem implies that 


[ [^7>2tr2«, rf” 

Jb{ 0A) \ j^i / 

P n 

/ '^{djhj){x,x)(Px 

Jb{o,a) 

P n 

/ 'S^ hRx,x)^ d^~^a{x) 

P n 

/ '^\hjix,x)\d^-^a{x) 


< nK(l + 


(8.13) 


(with ujn-i being the (n — l)-dimensional volume of the unit sphere 5"" ^ = 
{x G M" I |x| = 1}, see (15.61) 1. The latter is uniformly bounded with respect to 
A > 0. 

Using Lemma l8.101 the definition of goj in that lemma as well as Gauss’ theorem, 
one arrives at 


[ [57,2tr2.47xnQ(i?i+.C)"-"i?i+.)]^{,Ad"x 

Jb{o,a) \ ^ / 

+ f [i9j, (2tr2Sd7j,„$ (i?i+^C')”"^ i?i+^)](5{,j.}\d"x 

Jb{o,a) \ / 

- [ [^7’2tr2., rf"x 

Jb{o,a) \ ^ / 


/ E(^j5o.i)(a;,x)d"x 

Jb{o,a) 

P n 

/ '^9o,j{x,x)^d^-'^a{x) 


€ 


€ 


1=1 


/AS" 


J2^9o,j{x,x)\d^ V(x) 


i=i 


€ 


[ nK{l + \x\y-^-^d^-^<7{x) 

IAS"-! 


^ nK(l + A)^-”-"u;n_iA”-^ ^ 0. 

A^oo 


(8.14) 
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Next, Theorem 18.71 implies that 

^ z tr (xA (tr2«d ([Q, Q{{L*L + z)-^ + [LL* + z)-i) (Ci?i+,)"]) 

+ tr2., ([Q, $((L*T + z)-i + {LL* + 2)-i)(C'i?i+,)T))) (8.15) 

is bounded on any compact neighborhood of 0 intersected with i?(0, 5)\J{q{—LL*)C\ 
g{—L*L)) for some ^ > 0. Hence, summarizing equations (I8.11|) and (I8.12I1 . we get 
for z € CR,e>-i n g{—L*L) fl g{—LL*): 


z2 tiixAB l{z)) = z [ J£(z)]( 5{3;}\ d"a; 

Jb{o,a) \ / 

= ^ / /^{,},V[9,,2tr2.47,.nQ(i?i+zC)"-2i?i+,)]5{,Ad"x, 

Jb{o,a) \ ^1 / 

+ z [ (S{x},^[dj,‘2tr2fid{lj,n^iRl+zC)'^~^Rl+z)]S{^}\ cPx 

Jb{o,a) \ ^ / 

+ ^ /" (^{x},i^2"d{[QjQ{{L*L + z) 

J B{0,A)\ 

+ {LL* + z)-^) d^x 

+ ^ /" tr2?i£i ([Q, $( (I/*T + z) 

J B{0,A)\ 

+ {LL* + z)-^) (Ci?i+,)”])5{,}^ d^x 

P n p n 

= z / 'S^{djgQ^.){x,x) dd^x + z / 'S^{djhj){x,x) d^x+ 

JB{0,A) , = i ’ Jb(o.a) 


+ z tr (xA (tr2., ([Q, Q{{L*L + z)-^ + {LL* + z)-^) (Ci?i+,)"]) 

+ tr2.d ([Q, <i>((T*T + + {LL* + z)-^){CR,+.r]))). 

Thus, with the estimates (18.131) and (18.141) together with ()8.15l) . one infers that 


{z i-A 2ztr(xAHL(z))}A>o 

is locally bounded on B{0, (5) UCRe>o for some <5 > 0. By Lemma [831 together with 
Theorem 17.81 one infers that 


{z H> 2tr(xASL(z))}A>o 

is locally bounded on B{0, (5)UCRe>o- By Montel’s Theorem, there exists a sequence 
{AfcjfcgN of positive reals tending to infinity such that 

{z i-A 2tr(xAfcHi,(z))}fegN 


converges in the compact open topology. We denote by / the respective limit. Then 
Lemma [A6] implies that for k gN, 


2tr(xA,-Bi(z)) 


/ ^i93g3){x,x)d^ 

/B(O.Afc) 
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and so 

f{z)= lim [ divGj,2(x) d"x. 
k^°°JB{0,Ak) 

Here we denote Gj^z ■= {x i—>■ with gj being the integral ker¬ 
nel of Jj^{z) for j G n}. Next, let d G (0,7r/2) and choose zq > 0 as in 

Corollary 18.12l fH. Let z G Sz^^^, see (j8.8|) . Recalling that hj is the integral ker¬ 
nel of 2tr2n£; , we define := {a; >->• Due to 

Corollary 18.121 one can find k > 0 such that for k G N, 


r(x) 


fe/ Rn 


[ ({Gj,z-nz){x), 

JAkS^-^ \ 

^ [ ||(Gj,,-H,)(l)||Knd"-V(x) 

iAfcS"-i 

f {1+ \x\Y~'^~^ (P~^a{x) 




Consequently, 


lim [ r(Gj,z - IH^)(x), d” ^cr(a;) = 0. 

JAkS”--^ V 

Hence, with the help of Gauss’ theorem, 
f(z)= lim f ''^{djgj){x,x) d'^x = f divGj^zix) d"^x 

k^oo yB(o^A^) J-Rn 

= lim f diYGj^zix)d^x = lim f [Gy2(a;),^] d" 

= lim f d^~^a{x) 

'=^°°yAfcS’-i V Afeyjj„ 

• \ (’^-l)/2 1 n 

— I 77 -rT-rT(l + 2)””^^ lim / 

n / n 

j=l ^ ii,...,i„_i = l 


r(x) 


Ai, 


d"-V(a:), 


( 8 . 16 ) 


where, for the last integral, we used Proposition 18.131 By Theorem 13.41 one has 
/(O) = 2ind(L). In particular, any sequence {Afcjfe of positiye reals conyerging to 
infinity contains a subsequence {Afc^}^ such that for that particular subsequence 
the limit 


lim 




n / n \ 

^x( X ^j^l...in-ltI■($(a;)(a^,$)(a:)...(a^„_,$)(x)) j 


Afc, 


^cr(a;) 
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exists and equals 


Hence, the limit 


2ind(L) [(n — l)/2]! 


[7/(8^)] 


(n-l)/2 


(8.17) 


lim 
A—>-oo 


AS” 


n / n -V 

j — 1 ^ 2l ,...,271 — 1 —1 ^ 

X (^) rf"-V(a;) 

(8.18) 

exists and equals the number in (18.171) . On the other hand, for z G ^zo,'Sj (see again 
Corollary 18.121) the family 

{z tr(xAHL(z))}A>o 

converges for A —^ oo on the domain if and only if the limit in (18.1811 exists. 

Indeed, this follows from the explicit expression for the limit in (18.161) . Therefore, 

{z tr(xAHL(z))}A>0 

converges in the compact open topology on By the local boundedness of the 

latter family on the domain 5(0, S) U CRe>o, the principle of analytic continuation 
implies that the latter family actually converges on the domain B{0, 6) U CR,e>o hr 
the compact open topology. In particular, 


= lim 
A—¥00 


P n / n K 

/ XI ( XI *^Ai -in-iti-($(a:)(a,,$)(x)...(5i„_,$)(a;)) ) 


I ) rf"-V(x). 


□ 
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9. The Case n = 3 

In this section we shall discuss the necessary modifications, such that Theorem 
O continues to hold also for the case n = 3. The main issue for the need of extra 
arguments for this case is the lack of differentiability of the integral kernel of 
given in Lemma l8.II The main issue being the first summand in the expression for 
derived in Lemma rm that is, the term 

for the integral kernel of which we fail to show differentiability. Indeed, as this 
opertor increases regularity only by 3 orders of differentiability, not even continuity 
of the associated integral kernel is clear. The basic idea to overcome this difficulty 
and to get the result asserted in Theorem 17.11 also for the case n = 3 has already 
been used and is contained in Lemma l8.91 So, the operator Bl{z) will be multiplied 
from the left and from the right by (1 — for some /r > 0. The reason for 

multiplying from both sides is that we wanted to re-use strategies for showing that 
certain integral kernels vanish on the diagonal. The key for the latter arguments 
has been the self-adjointness of the operators under consideration, which, in turn, 
result in symmetry properties for the associated integral kernel. 

An additional fact, enabling the strategy just sketched for the case n = 3, is the 
following result. 

Proposition 9.1 (See, e.g., [92], p. 28-29, or |105j . Lemma 6.1.3). A ssume T-L is a 
complex, separable Hilbert space, B G and 0 is self-adjoint in H. Then 

for fj, > 0, B^ := (1 -|- fj,A)~^B{l iiA)~^ € Bi{TL) and B^ B in Bi{TL) as pL ft). 
In particular, tr^(i?^) —> tr<u{B). 

Next, we will give the details for the modifications of the proof of Theorem 17.11 
for the case n = 3. Thus, for p > 0, we introduce the operator 

BlA^) ■■= (1 - Bl{z) (1 - pA )-^, (9.1) 

where z € g {—L*L) fl g {—LL*), L = Q-\- ^ given by (I7.1|l . and Bl{z) is given by 
We also introduce 

= (1 - {L{L*L + 2:)”^7j>) 

+ tr^.rf {L*{LL* + z)-Axn)){^ - (9-2) 

with G j G {1,..., n}, as in Remark lOl and 

AlA^) = (1 - /rA)-i(tr2., {A,L*{LL* + z)"!]) 

- tr^., ([$, L{L*L + ^)-'])) (1 - pA)-^ (9.3) 

for the admissible potential $ (see Definition 16.111) . By Theorem 17.81 and the 
ideal property of Si('H), the operator Bl^^{z) is trace class for all /r > 0 and 
z G g{—L*L) n g{—LL*) and Re(z) > —1. As for the case n ^ 5, we need the 
following more detailed description of the operator i?L_^(z): 

Lemma 9.2. Let L = Q ^ as in (17.11) . p > 0, z € g{—L*L) D g{—LL*), with 
Re(z) > —1. Then with A^{z), j G {l,...,m}, and Al^^{z) given by (19.2|) and 
(lOD . one has 

n 

2BlA^) = '^lA^'^] + ^lA^)- 

7 = 1 
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Proof. The only nontrivial item to be established, invoking ProDOsition l7.4l tosfether 
with equations (I7.5p . ()7.6I1 . and (j7.7p . is to establish that for j G {1,..., n}, 

= (1 - [dj, J£(z)] (1 - fj.A)~^. 

Recalling 7 j^„ G j G {1,... ,n} (cf. Remark l6d^ . one observes that 

(1 - [dj,tr2fia {L {L*L + z)~^ 7j,„)] (1 - fiA)~^ 

= (1 - fJ.A)~^ dj tT2fid {L {L*L + z)~^ -Ij^n) 

- A2^d {L {L*L + z)~^ Jj,n)dj (1 - fiA)~^ 

= dj (1 - tranrf {L {L*L + z)~^ -/j^n) (1 - ^J■A)~~^ 

- (1 - fiAy^ tT2iid {L {L*L + z)~^ 7j>) (1 - fJ.A)~^ dj 
= [dj, (1 - /^A)”^ trand {L {L*L + z)~^ 7j,„) (1 - /iA)”^ ], 

yielding the assertion. □ 

In contrast to the operator J^z), the integral kernel for the regularized operator 
j£ yz) satisfies the desired differentiability properties: 

Corollary 9.3. Let L = Q + ^ be given by (17.11) . z G g {—L*L) n g {—LL *), with 
Re( 2 :) > —1, and suppose /i > 0. If n G N is odd, then for all j G {1,... ,n}, the 
integral kernel of y ^z) given by (19.21) is continuously differentiable. 

Proof. We recall Ri+z as given by (14.6L Q and C given by (16.31) and (I6.15p . respec¬ 
tively, as well as ^j^n as in Remark l6.ll According to Proposition 15.41 for £ G R, it 
suffices to observe that the operator 

(1 - g.A)~^ tT 2 iid lj,nQ {Ri+zCy~'^ Ri+z (1 - mA)”^ 

is continuous from F^(R") (see ([SII])) to ii-^+2("-2)-L2-L4-l(]^n) ^ ^i+ 2 n+l ^ 

Thus, by Corollary 15.31 the assertion follows from 2n > n. □ 

Next, we turn to a variant of the first assertion in Lemma |8.10l 

Lemma 9.4. Let fi > 0, z G C, Re(z) > —1, Ri+z given by (14.61) . C given by 
(16.151) . and Q given by (16.31) . Then for all j G {1,2,3}, the integral kernel of 

(1 - AtA)“^ tr2d (7j,3Qi?i+^Ci?i+^) (1 - fJ.A)~^ 

vanishes on the diagonal, where 71 , 3 , 72 , 3 , 73.3 G are given as in Remark \6.l\ 

(see also AnnendixlXli. 

Proof. We denote the integral kernel under consideration by hj, j G {1,2,3}. From 
Lemma one recalls, 

(1 - fxA)~^ ti2d (jj,3QRi+zCRi+z) (1 - AiA)“^ 

= - (1 - /rA)“^ tr2d (7j,3QRi+z^QRi+z) (1 - mA)”^ . 

With (1 — fJ.A)~^ = (l/pi) ((1/g) — A)~^ one computes, 

hj(x,x) = [ ri/^(a; - a;i)tr2d ( 7i.3 ^ 7ii.3(i9*iri+^)(a;i - a;2)4>(a;2) 

T 7(r3)3 V 
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X ^ 7i2.3(9i2ri+^)(a;2 - X3) jri/^(a;3 - x) (TXicTX2drX3 
i2 = l ' 

= A / “ 2;i)tr2d ( 7i.3 ^ 7D.3(ftiFi+z)(a;2 - a;i)$(a;2) 

M J(R3)3 V 

^ X! 7i2.3(9i2ri+^)(x2 - X 3 ) jri/^(x3 - x) d"a;id”a;2d”x3 

= A / ( 7i.3 ^ 7n,3(9iiri+^)(x2 - a;i)$(x2) 

M J(R3)3 V 

X X! 3 ( 9 ^ 2 ri+2)(x2 - X 3 ) jri/^(x3 - x)d"xi(i”x2d”x3, x £ R”. 

The latter expression is symmetric in X2 and X3, by Fubini’s theorem. Hence, the 
assertion follows as in Lemma l8^ with the help of Corollary lA.91 □ 


Now we are in position to prove the trace theorem for dimension n = 3. Of course 
the principal strategy for the proof is similar to the one for dimensions n ^ 5 and, 
thus, need not be repeated. 


Theorem 9.5. Let n = 3, L = Q + $ given by GH), and XA given by (Tra . 
Then for all z G <C with z G g {—LL*) 0 g {—L*L), and Bl{z) given (17.21) . xaBl{.z) 
is trace class for all A > 0. The limit /(•) := limA_>oo tr(xA.Bi(’)) exists in the 
compact open topology and the formula 


f{z) 


— (1 + z) 3/2 lim 

lOTT A-^-oo 


E < 

tui A2 = l 


1 

A 


X f tr ($(x) (9ii$) (x) (9^2$) ix))xj d” ^(x) 

Jas^ 


holds, where denotes the e-symbol as in Provosition IA.81 


(9.4) 


Proof. Let A > 0, > 0. Denote the integral kernels of Al{z) and J2j 

by Aa and Ja, respectively, and correspondingly for and 'Yfj \dj, ; 

where the respective operators are given by (1771) . dm), (1131), and (1171) . One notes 
that by Lemma l8/9l Aa,^ —>■ Aa and Ja,^ —>■ JJa pointwise as /x —>■ 0. One recalls 
from Proposition l7.4l and Theorem [731 together with Proposition l4.3l that (similarly 
to the case n = 5), 


2tr(xASA(z)) = / (Aa + Ja) (a;,x)d”x, 
J B{0,A) 


and, as Aa and the integral kernel of Bl{z) are continuous, so is Ja- Hence, by 
Lemma 1531 and using Aa(x,x) = 0 (see Lemma 1S7|) . one obtains 


2 


tr(xA-BA(2:)) = f 

Je 

-L 


■8(0,A) 

r 

8(0,A) 


Aa(x,x) + JA(x,x)d"x 
lim JA,fi(x, x) d"x 
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= lim / Sl uix,x) (Px, 

^^o7b(o.a) 

where the last equality follows from the fact that the family of integral kernels of 

is locally uniformly bounded: To prove the latter assertion, we note that due to 
Corollarv l5.31 {2BL,fj.{z) — defines a uniformly bounded family of con¬ 
tinuous linear operators from (see (15.11) 1 to £ M. Indeed, 

this follows from the representation in Lemma 17.71 together with Proposition 15.41 
and the fact that for all s £ K, (1 — —>■ I strongly in i7®(]R"). Next, we 

denote 

where ^{z) is the integral kernel of j£ ^(z), j £ {1, 2, 3}, and Kl that for 

Invoking Lemmas 19.41 and l8l9l and hence the fact that {x ]Kl,^(x)}^>o is locally 
uniformly bounded, one obtains 

lim [ ]lL,i^{x,x)d'^x = lim f (]KL_^(a:), y) d”“V(x) 

isCo.A) A/ 

= f \im (^KL,f,{x),j) d"-V(x) 

JAS^ V A/ 

= (iKl(x), j'j d"-V(a;). 

As in the case n > 5, one computes with the help of Corollary 18.121 that for z £ 
'^zo,d, see (18.81) . for some fixed i? £ (0,7r/2) and Zq S K sufficiently large, the 
limit A —>■ oo actually coincides with replaced by the vector of integral kernels 
of {2tT2d (7i,3‘5’C'^^i+z )2 3 } (employing analogous arguments using Lemmas 
18.5118.61 and 18.31) . Hence one can compute this expression explicitly with the help 
of ProDOsition l8.131 ending up with (19.41) . □ 
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10. The Index Theorem and Some Consequences 

Putting the results of the Sections [3] and [7] together, we arrive at the following 
theorem: 


Theorem 10.1. Letn £ odd, d S N, K” —>■ admissible {see Definition 

16.111) . Then the operator L = Q + $ given by (17.11) is Fredholm and 
("-l)/2 


ind(L) = 


Stt 


1 


lim 


1 


E 


\{n - 1)/21! A^i^o 2A ^ 

= l (10.1) 


X f tr($(a;)(5ii$)(a;)... d” ^cr(a;), 

lAS"-! 

where denotes the e-symbol as introduced in Provosition IA.81 


Proof. Appealing to Theorem EH] and Theorem l7.1l for EHl) . we have /(O) = ind(L), 
with / from Theorem 17. II □ 


In Corollarv I 10.11 1 at the end of this section we will show that actually, ind(L) = 0 
for admissible $. 

Next, we indicate how the index theorem obtained can be generalized to poten¬ 
tials $ belonging only to (R”; satisfying |d>(a;)| > c for all x G ]R”\i?(0, R) 

for some i? > 0, c > 0. More precisely, we will prove the following theorem later in 
Section [T2| in the case where $ is C°° and in full generality in Section [131 


Theorem 10.2. Letn £ odd, d G N, G (R"; . Assume the following 

properties 

$(a;) = x £ R”, 

there exists c > 0, R ^ 0 such that |d)(a;)| c, x £ R”\i3(0, i?), and that there is 
e > 1/2 such that for all a £ Ng, |a| < 3, there is k > 0 such that 


II (9“$)(x)II 


«(1 + kl) 


— 1 — e 


|a| = 1: 

|a| =2, 


x £ 


We recall Q = X]i=i l 3 ,ndj, with G > J S {1,... ,n}, given in (16.31) or 

Theorem \6.4\ Then the operator L := Q-|-d> considered in L^(R")^ is a Fredholm 
operator and 

(n-l)/2 


ind(L)= 


Stt 


1 


lim 


1 


E 


\{n - 1)/21! A^i^o 2A ^ 


( 10 . 2 ) 


where 


f tv { U { x ){ di ^ U ){ x ).. .{ di ^_^ U ){ x))xj d !^ ^o-(x), 
JAS"-i 

U { x ) = |$(x)|“^$(x) = sgn($(x)), X G R. 


While in this manuscript we focus on the functional analytic proof of Callias’ 
index formula (110.21) . we refer to the discussion by Bott and Seeley [Tl] for its 
underlying topological setting (homotopy invariants, etc.). 

In Theorem 110.21 there are two main difficulties to cope with: on the one hand 
- in contrast to the situation in Theorem 110.11 - the potential is only assumed to 
be invertible on the complement of large balls, on the other hand the potential 
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is only We will address the second case later on, and concern ourselves with 
the invertibility issue first. However, before providing the proof of Theorem 110.21 
in these more general cases, we give a motivating fact underlining the need for 
Theorem 110.21 In particular, in Theorem 110.61 we show that a particular class of 
potentials cannot be treated with the help of Theorem 110.11 The main problem 
preventing the applicability of Theorem 1 10. II is the everywhere invertibility assumed 
in Definition 16.111 

We note that the special case n = 3 in connection with Yang-Mills-Higgs fields 
and monopoles has been discussed in detail in [TDl Sect. II.5] and [SIl Sect. VIII.4]. 

Before turning to Theorem 110.61 we shall provide a result that studies the sign 
of an operator. This study is needed, as the formula in Theorem 110.21 involves 
X i-A <I>(a;)/|$(a;)| = sgn(<i>(x)). 

Theorem 10.3. Let % be a Hilbert space, A G B{H), Re ^ c for some c > 0. 
Then the integral {see, e.g., [591 Ch. 5, equation (5.3)]), 

0 poo 

sgii{A):=-A {t^ + A^y^dt 

Jo 

converges in B{TL) and sgn(-) is analytic on B{A,{\\A\\'^+ cy^'^— \\A\\)y Moreover, 
if in addition, A = A* then 

sgn(H) = A\Ay, 

and sgn(H) is unitary. 


Proof. From Re ^ + c it follows that || || ^ {f^ + c) ^ and, 

thus, the integral converges in operator norm. In order to prove analyticity, we first 
show that given B G B{TL) with Ke{B) ^ c the function T i—>■ jy H + T) ^ dt 
is analytic at 0 with convergence radius at least c. Hence, let B G B{'H) with 
Re(H) ^ c. Then || {t^ + ^) ^ ^ +c)“^ ^ c~^ for all f G K. If T G B(H) with 


||T|| < i9c for some 0 < d < I, then {t^ + ^) ^ 


^ d for alH G R and thus. 



(t^ + (B+T)) yt = 



(^l + (t^+B) V) \t^+B) ^dt 

OO ^ 

+ By^ y + By^dt 

k^O 


QQ poo ^ 

= + y + By^t. 

k=0 


One observes that Ck : B{'H)^ —> H('H) given by 

ck{T,...,T):= (^-{f + By^Tj y + By^t, 

is a bounded fc-linear form with bound c~^• k jifiyc). Indeed, for the contractions 
Ti,..., Tfc G BifK) one estimates 
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dt 


In particular, the power series has convergence radius at least c. It follows that 
T I—>■ {t^ + r) dt is analytic about with convergence radius c. If T € i3('H) 

with ||r|| < ((PIP + 

\\{A + Tf-A^\\ <2P||||r|| + ||Tf 

< 2PII ((PIP + c)i/2 - Pll) + ((PIP + c)i/2 - Pll)^ 


= c. 


Hence, the map T i-A (t^ + ^ dt is analytic about A with convergence radius 

at least ((P|P + c)^/^ - P||). 

The equality and unitarity now follow from the functional calculus for self-adjoint 
opertors and the respective equality for numbers. □ 


The next fact provides a more detailed account on the behavior of x i-A- sgn($(x)) 
for smooth $. We note that the following result has been asserted implicitly in a 
modified form in [HI last paragraph on p. 226]. 

Lemma 10.4. Letn,d € N^i, $ G (M"; pointwise self-adjoint, c,R^0, 

c p: 0. Assume that for all x G ]SA\B{0, R), |‘I’(a;)| ^ c. Let r > 0. Then there 
exists U G (R"; pointwise self-adjoint, and a funetion u G C'“(R";R^o) 

with 0 ^ u ^ 1, u-g^^\B{o,T) = 1; such that 

U{x) = sgn($(a::)), x G R"\H(0,i?) and U{x)^ = u{x)Id, x G R". 
Moreover, for all /3 G Ng, (3^0, there exists k > 0 such that for all x G R"'\i3(0, R), 

ckGNq ,7GN,|ck|7—|/3| 


Remark 10.5. (i) We note that the function U constructed in Lemma [10.41 attains 
values in the set of unitary matrices (on R"'\i?(0, i?)). Indeed, this follows from 
Theorem [TU71 


(m) In the situation of Lemma [10.41 assume, in addition, that 4> satishes the fol¬ 
lowing estimates: For some e > 1/2 and for a G Ng, there is a constant ki > 0 
such that 


||(5“$)(x)|p 


x G 


Ki{l -H |a;|) p |a| = 1, 

7i(l + kl)"^"P lap 2, 

Then U constructed in Lemma (TUH] satisfies analogous estimates: For a G Ng there 
exists K 2 > 0 such that 


ll(a“t/)(x)|| ^ 


8 : 2 ( 1 + |a:|) p 
8:2(1 -b |a:|)-i-p 


|a| = 1, 
|a| ^ 2. 


In particular, if $ is admissible (see Definition 16.lip , then so is 1/ = sgn(^). 


o 
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Proof of Lemma \l().4i One observes that x i-A sgn($(a;)) is on K"’\i?(0, R') for 
some 0 < i?' < i?, by Theorem 110.31 Moreover, for j G {1,..., n}, 

idjU){x) = {sgn'{^{x))){dj^){x). 

Thus, 

{dkdjU){x) = sgn" {<^{x)){dk<^){x){dj<^){x) + sgn'($(x))(5fe9j$)(x). 

Continuing in this manner, we obtain the estimates for the derivatives, once noticing 
that X I— >■ sgn^^') is bounded for all fc G N. Indeed, by the boundedness of 

$ and since |$(a;)| > c for all x G M”\i?(0, i?), the set {$(x) | a: G R"\i3(0,i?)} C 
i^dxd jg relatively compact and its closure is contained in the domain of analyticity 
of sgn(-). Hence, x i-A sgn^^i is indeed bounded. 

Next, let rj G with 

r = i?', |a:| ^ R', 

r]{x) < G R' < |a;| < R, 

[= |a;|, |a:| ^ R. 

Then a: M”\{0} —>■ M",a; i-A i?(|a:|)ify is C°° and a{x) = x for all |a;| > R. Let, in 
addition, (f: R" —?► Rj.o be a C'°°-function such that 4>{x) = 1 for x G R"'\i?(0,r) 
and with 0 ^ ^ 1 and (j){x) = 0 on B{0,t/2). Then a suitable choice for U is 

a: i-A sgn(<i)(Qf(a;))). □ 

One might wonder, whether the function u vanishing at the origin in Lemma [10. 41 
is really needed. In fact, if it was possible for any arbitrarily differentiable potential 
4) discussed in Theorem 110.21 to choose u in Lemma (TUH] being 1 also at the origin, 
the only nontrivial assertion of Theorem 110.21 would be the differentiability issue. 
However, the next example indicates that Theorem ll0.2l has a nontrivial application. 

Theorem 10.6. Consider the function d>: R^ —>■ such that 

|a;| ^ 1, 

j=i I 

as in Examvle 14.81 Then there is no U € (7°° (R^; with the property that 

U{x) = <l>(a;) for all x G R", \x\ ^ 1, U{x) = U{x)* and for some c> 0, |H(a:)| ^ c, 
X G R”. 

Proof. We will proceed by contradiction and assume the existence of such a U. By 
Lemma fl 0.41 (and riemark ll0.51 1Hl. we may assume without loss of generality that 
U assumes values in the self-adjoint unitary operators in The latter are of 

the form 

with W*W = 12- From the latter equation, one reads off 

1 = ^ 2 ^ 

0 = (a -I- c)b, 

0 = (a -I- c)d, 

1 = c'^+ b'^+ d^. 
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Hence, either a ^ —c, which implies b = d = 0 and a = c = ±1, or a = —c with 
= 1. Note that, in the latter case, we have W = aai + b(j 2 + das and 
det(H^) = —1. Hence, since U is pointwise invertible everywhere, and det(±J 2 ) = 1, 
by the intermediate value theorem, one infers that 

U[R^] C {acTi + ba 2 + cas \ a,b, c G M., + b'^ + = 1} =: U 

Identifying U with 5^ and using U\s 2 = Is^, one observes that ?7 is a retraction 
of B{0, 1) for S'^, which is a contradiction. We provide some details for the latter 
claim. Assume there exists a continuous map /: H(0,1) C —>■ with the 

property f{x) = x for all x € 5^. Denoting the identity on B{0, 1) by one 

considers the homotopy id of / and given by 

H{X,x) := Xf{x) + (1 - A)i^Q^(x), A € [0,1], x £ B{0, 1). 

In the following, we denote by deg( 5 , zq) Brouwer’s degree of a function g-. i?(0,1) —>• 
in the point Zq € M^\(7[5'^]. One observes that 0 G M^\ii(A, 5^) = for 

all A G [0,1], by the hypotheses on /. Hence, by homotopy invariance of Brouwer’s 
degree, one gets, using 0 G Ij^jjp^[B{0, 1)] and 0 ^ /[ii(0,1)] = S'^, 

1 = deg(i;g^,0) = deg(ii(0,-),0) = deg(ii(l,-)) = deg(/,0) = 0, 

a contradiction. □ 


While we decided to provide an explicit proof of Theorem 110.61 it should be 
mentioned that is is a special case of “Brouwer’s no retraction theorem” (see, e.g., 
[551 Theorem 3.12]): There is no continuous map / : 5(0,1) —5'”“^ that is the 
identity on (Here 5(0,1) denotes the closed unit ball in R", n G N.) 

In the remainder of this section, we study the index formula (I10.2[) in more detail. 
More precisely, we will show an invariance principle which will lead to a proof of 
Corollary IIP.Ill which shows that for admissible potentials $, the index of Q + <& 
vanishes, reproducing [861 Theorem 5.2] in our context. 

Let n,d £ N, U C R" open, T G . For x £ U we introduce the 

expression 

n 

Mr{x) ■■= ^ ei^...,^tY{di^T{x)---d,^T{x)), (10.3) 

where denotes the totally anti-symmetric symbol in n coordinates. 


Remark 10.7. The relationship of the index formula for potentials <I> as in Theorem 
110.21 and the function defined in (110.3|1 is as follows: Let U be C^-smooth with 
U = sgn(<I)) on the complement of a sufficiently large ball. For A > 0, one computes 
with the help of Gauss’ divergence theorem 


1 

A 


n p 

/ tr(5(x)(5ii5)(x)... (5*„_1 5)(x))xi„ d”“V(x) 


2l 


= E < 

il. ,in — l 


f Mu{x)d^x. 


tr((5ji U){x)... {d^„U){x)) d^x 


B(0,A) 
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Hence, the index formula for the operator i = Q + $ discussed in Theorem 110.21 
may be rewritten as follows 


ind(T) 



[(n- l)/2]! a“^ 



(10.4) 




Definition 10.8 (Transformations of constant orientation). Let n G M”, U C R” 
open, dense. We say that T: U ^ R" is a transformation of constant orientation, 
if the following properties {i)-(iii) are satisfied: 

{i) T is continuously differentiable and injective. 

{ii) T[14] is dense in R”. 

(iii) The function U 9 a; i—>■ sgn(det(r'(a;))) is either identically 1 or —1. We define 
sgn(r) := sgn(det(T'(a;))) for some {and hence for all) x G U. 


The sought after invariance principle then reads as follows: 


Theorem 10.9. Letn G odd, d G N, <1> S (R”; . Assume the following 

properties: 


4>(a;) = $(a;)*, x G R", 


there exists c > 0, R ^ 0 such that |4’(a;)| ^ c for all x G R'^\B(0, R), and that 
there is e > 1/2 such that for all a G Ng, |a| < 3, there is k > 0 such that 


||(9“<l>)(x)|| ^ 


K(l + |a;|) \ 
k( 1 + |a;|)-l-^ 


|a| = 

|a|=2, 


x G R". 


We recall Q = X)J=i l 3 ,ndj, with G > j & {Ij • • ■ ^n}, given in (16.31) or 

in Theorem \6.4[ In addition, let T: U C R” —>■ R” {with lA as in Definition \l{).?>\i 
be a transformation of constant orientation. Assume that := $ o T {the closure 
of the mapping $ o T) satisfies the assumptions imposed on $. Then Ti = Q + $ 
and L 2 = Q + are Fredholm and 


ind(Li) = sgn(T) ind(L 2 )- 

Before proving Theorem 110.91 we need a chain rule for the function defined in 

(nn^. 

Lemma 10.10. Let n, d G N, C R" open, 4> G (R”; , T G Ci(W;R"). 

Then, 

M^ot{x) = Mi^{T{x)) det(r'(a:)), x GU. 


Proof. One recalls that for an n x n-matrix A = (aij)ijg{i,...,„} G C”^", its deter¬ 
minant may be computed as follows 

n 

dGt(.A) ^ ^ ' ' ' ^in.n- 

ii,.. — ^ 

Consequently, for fci,..., A:^ € {1,. .., n}, one gets 

n 

^ki-“kn det(-A) — ^ ^ ^ii-“in(^iiki * * * ^inkn’ 












84 


F. GESZTESY AND M. WAURICK 


Using the chain rule of differentiation, one obtains for x £U, 

n 

M^ot{x)= ^ ei^...i^tid{di^{^oT){x)---di^{^oT){x)) 

n n n 

= Y ■ ■ ■ Y ^kr,‘^i'^A))A„Tk^{x)) 

il,...,in — l ki—1 kn — 1 

n n 

= Y Y1 ^il■■■^r^^^^TkAx)■■■^i^TkAx) 

k \ ^... ^kjx — 1 \ T • • Ati — 1 

X trd (afcj$(T(x))---5fc„$(r(x))) 

n 

= Y £ki-k„det{T'{x))tid{dki^{T{x))---dk„^{T{x))) 

ki,. ..,kn, = l 

= M$(r(x)) det(T'(x)). □ 

Proof of Theorem \l0.9[ Let U be C^-smooth and such that sgn($) = C7 on com¬ 
plements of sufficiently large balls. One observes that Ut ■= U oT = sgn($T). In 
particular, ind(Q + $t) = md(Q -I- Ut)- Next, we set 

By Theorem 110.21 together with Remark 110.71 and taking into account the chain 
rule, Lemma llO.lOl one computes, 

ind(Q -I- I/t) = c„ lim / Mu.^{x)d^x 
Jb(o,a) 

= c„ lim / Mijot{x)(Ux 

A-s-oo Jb(q,a) 

= Cn lim f Mu{T{x))det{T'{x))d"‘x 

A-s-oo Jb{0,A) 

= sgn(T)c„ lim j Mu{T{x))\det{T'{x))\d"'x 
A-».oo Jb(0,A) 

= sgii(T)cn lim / Mu(x)d"x 

A^oo Jt[B(0,A)] 

= sgn(T)c„ lim / Mu{x)d’^x, 

JB(0.A)nr[B(0,A)] 

using the transformation rule for integrals. 

To conclude the proof, we are left with showing 

Cn lim f Mu{x) d^x = ind(Q -b U). 

iB(0.A)nT[B(0,A)] 

For this purpose one notes that T is continuously invertible, by hypothesis. Hence, 
the range of T is open. Since the range of T is also dense, {xt[b(o,a)]}agn converges 
in the strong operator topology of S(L^(K”)) to where Xt[b(o,a)] denotes 

the characteristic function of the set T[H(0, A)], A > 0. Thus, for L = Q + U, one 
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computes 

ind(L) = (xt[s(o,a)]Xa ^ 2 ^^ {{L*L + z)~^ - {LL* + z)~^)) 

= Cn lim / Mu{x)d^x, 

^->■00 JB(0,A)nT[B(0,A)] 

proving the assertion. □ 

Finally, we apply Theorem 110.91 and prove that for admissible potentials $, 
ind(Q + $) = 0: 

Corollary 10.11. Let n € N >3 odd, d G N. Let $ be admissible, see Definition 
im Let Q be as in (EH) and L = Q + ^ as in dzll). Then L is Fredholm and 
ind(L) = 0. 

Proof. By invariance of the Fredholm index under relatively compact perturbations 
(cf. Theorem l3.6l (iiil'). we can assume without loss of generality, that $ is constant 
in a neighborhood of 0. We consider T: R"\{0} —R" given by 

T(x):=^, aieR"\{0}. 

One observes that T is a transformation of constant orientation. Moreover, as $ is 
admissible, so is iIit := $ o T. In particular, since il> is constant in a neighborhood 
of 0, we find A > 0 such that for all x G M" with \x\ ^ A, {di^T){x) = 0. Hence, 
ind(Q + $T) = 0, by Theorem llO.il and, thus ind(Q + $) = 0, by Theorem llO.91 □ 

For an entirely diffferent approach to Corollary 110.111 we refer again to [Ml 
Theorem 5.2]. 

Remark 10.12. As kindly pointed out to us by one of the referees, Corollarv IlO.llI 
permits a more elementary proof as follows. If $ is admissible, then x i-A $t(a;) := 
t > 0, is also admissible and the associated operators L*: —>• 

t > 0, are all Fredholm. In addition, the map, (0,oo) ^ t ^ Lt G 



is continuous. Thus (cf. Corollary 13.7L 



ind(Ti) = ind(Tt), t > 0. 

(10.5) 

However. (16.141) leads to 



LlLt = -Al^nd - a+ ^l LtLl = -A/2., + Ct + 

(10.6) 

where 




Ct='^ lj,n{dj^t) = {Q^t), t > 0. 

(10.7) 


1=1 


Hence, for some constant c > 0, ||C't||g|-j^ 2 (Rn) 2 "d) ^ cf for 0 < t sufficiently small. In 
particular, for 0 < t sufficiently small, the operators L*Lt and LtL* are boundedly 
invertible and hence ind(Li) = 0, implying ind(Li) = ind(L) =0. o 
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11. Perturbation Theory for the Helmholtz Equation 

Before we are in a position to provide a proof of Theorem 110.21 we need some 
results concerning the perturbation theory of Helmholtz operators. More precisely, 
we study operators (and their fundamental solutions) of the form 

{-A + fi + ri) 

in odd space dimensions n ^ 3 and ry G with small support around the 

origin and /i € CRe>o- For G CRe>o, V S recalling = (-A + /i)“\ 

one formally computes 

■= { — A + 7] + fj-)) = {{—A + /i)(l + R^rj) 

oo 

k—0 

This computation can be made rigorous, if ||i?/i(? 7 )||B(L 2 (Rnp < 1. The first aim 
of this section is to provide a proof of the fact that if ||?7 ||l“ ^ 1, then indeed 
||i?^(? 7 )||g(i 2 (Rn)) < 1 for “sufficiently” many yi, that is, for /i belonging to the 
closed sector 

= {zGC\ Re{n) ^ fiQ, I arg(/r)| ^ d} (11.2) 

for some /rp € R, d G [0, ^], provided the support of ly is sufficiently small. 

For yi > 0, X, 1 / G R", X 1 /, we introduce 

p-V^\x-y\ 

»>■(»-ri 

The next lemma shows that the Helmholtz Green’s function basically behaves 
like Sfj, in (lll.3|) . We note that a similar estimate was used in [22 P- 224, formula 
(c)]. However, we further remark that the factor A introduced in the following 
result does not occur in [22 p. 224, formula (c)], yielding a hidden 2 -dependence 
of the constant K occuring there. 


Lemma 11.1. Let n G odd, X G (0,1). For yi > 0 denote the integral kernel 
of Rfi = (—A -I- yt)“^ in L^(R”) by r^, see Lennnna \^.\1\ or (|5.11|) . and let Sf^ be as 
in (111.31) . Then there exist ci, C 2 > 0 such that for all yi > 0, 

r^(x -y) if CiSa^(x - y), and s^{x - y) if C 2 r^(x - y), x,y G R”, x ^y. 


Proof. For the first inequality, one observes that for k G {0,..., n — 1}, with n = 
2u -I- 1, the function 

Rs,o 9 /3 HA 

is bounded by some dk > 0. Next, let x,y G R", x ^ y and r := |x — y\, yt > 0. 
Then, for k G {0,..., n — 1}, one estimates 






\x-y\^ 






Hence, the first inequality asserted follows from Lemma 15.111 Employing again 
Lemma 15.111 the second inequality can be derived easily. □ 


We can now come to the announced result of bounding the operator norm of 
Rfj.ri given ry is supported on a small set. We note that smallness of the support is 
independent of yi, if one assumes yi to lie in a sector. 
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Lemma 11.2. Let fio > 0, 19 e ( 0 , 7 r/ 2 ), /3 > 0, n € odd. Then there exists 
r > 0 such that for all ^ G <jll. 2 l) . 

II^At^llB(L 2 (R")) < /3 

for all rj G L°°(]R”), ||i 7 ||l~ ^ 1 and supp( 77 ) C B{0,t). 

Proof. Let t > 0 and rj G L°°(R”) such that supp(? 7 ) C 5(0, t) and ||? 7 ||l=<= ^ 1- 
Let fj. G ,5 and denote the fundamental solution of (—A + by r^, see also 
Lemma [5. 121 By estimate (15.151) in Lemma [5. 121 there exists ci ^ 1 such that 

- y)\ ^ cirReAi(a; - y), x, y G K”, x^y, /i G 

Next, by Lemma fll.il there exists C 2 > 0 such that for all 

rf,{x - y) ^ C2Si^{x - y), x,yGW^,Xy^y. 

For y ^ /iQ, one notes that ||s^/ 2 ||li(r") ^ lls^o/zIUhK") < Hence, for y G 
and u G C^(]R"), one gets 


I^M(^)“lli2(R") — 


r^{x - y)y{y)u{y)df"y 


/ / rf,{x-y)y{y)u{y)d'^y 

Jr'^ Jb{o,t) 


^22 
^ Cl Co 


-^ 1^2 


if ( [ rii,eMix-y)\y{y)\\u{y)\d^y'\ df^x 

JR" \Jb{Q,t) / 

1 C 2 / ([ SiRe(M)(^-y)^"y) / SlRe(A.)(a^-2/)|w(2/)P^”2/d”x 

JR" \Jb(0,t) = ' " / JB(0,r) ^ 

[ ■SiRe(M)(2/)'^”y) f siReif.)ix-y)Hy)\^d'^yd^x 

Jb{0,t) / JR" 


IB{0,t) 

One observes that 


Jb{0,t) 2 = 

i that 

/ ^Rei^.)iy) d^y ^^n-l [ 
Jb(o.t) Jo ^ 


dr = 




and hence, 


ll^/i?7llB(L2(R")) ^ CiC2^ 


IMmo/zIUm 

2 cJn —1 


□ 


Remark 11.3. (i) Let yo > 0, and 1 ? G (0, ^), k > 0. Then for all y G (see 

(111.21) 1. there exists r > 0 such that for 77 G L°“(K"), with ||? 7 ||l=o ^ k and 77 = 0 
on ]R"\i?(0, r), the operator Rri+fi = (—A + 77 + y)~^ exists as a bounded linear 
operator in L^(R") and its norm is arbitarily close to ||i?/j||. Indeed, for /3 < 1 with 
||.R/i 7 ;|| ^ (3 one computes 

00 - 

fc =0 ^ 

(m) In the situation of part (i), we shall now elaborate some more on the properties 
of Rn+)i with ||i?^ 77 || < /3 < 1 for all y G Assuming, in addition, 77 G C°°, 
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then Rri+ji extends by interpolation to a bounded linear operator to the full Sobolev 
scale (see (15.11) for a definition), s G R. Moreover, from 

oo oo 

(-A + = (-A + 

k—0 k—0 

one gets ||(-A +/r)i?^+^|| ^ (1 -/3)“\ yielding i?^+^ G S(i^®(R"-); for 

all s G R. o 


With Lemma 111.21 we have an a priori condition on the support of 77 to make 
the operator Rrj+fi well-defined. The forthcoming results, the very reason of this 
entire section, provide estimates for the integral kernels of the perturbed operator 
in terms of the unperturbed one. Of course, these estimates also rely on a Neumann 
series type argument. The main step is the following lemma. 


Lemma 11.4. Let n G odd, > 0, k > 0. For any A G (0,1), there exists 
r > 0 such that for all rj G L°“(R"), with ||77||l°° ^ « and supp(r 7 ) C such 

that for all k G N^a, /i ^ ^ 0 , the integral kernel r^ of {R^ri)^R^ satisfies 

\rk{x,y)\ < X'"r^/i{x - y), x,y x^ y, 

where is the integral kernel of R^ = (—A -|- given by (15.111) . 

We postpone the proof of Lemma Fl 1 .41 and show three preparatory results first. 


Lemma 11.5. Let n G N^a odd, y > Q, t > 0, s^ as in (|11.3I) . Then for all 
X, z € R”, X ^ z, the ineguality. 


L 


B{0,t) 




- y)Sfi{y - z) d^y ^ 2" ^a;„_ir^s^(a; - z), 


holds, with uJn-i the (n — 1)-dimensional volume of the unit sphere S'” ^ C R” (see 
also m)- 


Proof. One notes that, by the triangle inequality, 

f,-Vu\^-y\e-Vl^\v-^\ ^ x,y,z£ 

Hence, one is left with showing 


L 


1 


< 2” x,y,z x ^ z. 


iBio.r) I 2 ; - 2/1” ^ I 2 / - z\^ 2 

Let x,y,z G R". Then 

lx - zr^ ^ (|x -y\ + \y- z|)”-2 < 2"-3 (|x - j/l”-" + \y - 


Hence, 


L 


■d^y 


B(0,r) |x- 2 /|”- 2 |y-z |”-2 

f 2”-3(|x - 2/1”-^-b I 2 /- ^|"~^) 

S(O.r) |x-2/|”-2|y-2|"-2 

1 1 


€ 


= 2 


n—3 


^2 


n-2 


f I 1I-2 
JBio.r) \yr 


d^y 

d^y 
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= 2” [ rdr = 2^ 

Jo 


□ 


Proposition 11. 6. Let n G N, /io > 0; 9 S nC'(K”\{0}). Assume that 

Vq, the operator defined by convolution with q, defines a self-adjoint, nonnegative 
operator in L^(]R"). Then for all p ^ piQ and x,y € M", x ^ y, 


Mo 


r^{x - xi)q{xi - y) dJ^Xi ^ q{x - y). 


Proof. Let p ^ po- As the convolution with q commutes with differentiation, it 
also commutes with (—A p), or powers thereof. Since Vq ^ 0, there exists 

a unique nonnegative square root Vq^^, which also commutes with R^, R~^ and 
powers thereof. For (j) G iJ^(]R”) and p ^ po, 

{{-A + p)cj,Vqct>)^, = {{-A + p)V^^/^ct>X/^cj)^, 

= PO {'Pi VqCj)^ j^2 ■ 

Putting (j) := (—A + p)~^/'^%l} = Rj/'^ip for some tp G one infers 

{tp,Vq'ip)^2 > d-o{R]/^'P,VqRl/^'ip)^2 
> d'0{'f’,RtlVqtj})^2- 

As (—A + p)~^^'^[H'^(W^)] is dense in L^(]R”), it follows that Vq — p^R^Vq is a 
nonnegative integral operator, which implies the asserted inequality. □ 


Applying Proposition II 1.61 with q = rf^ twice, one gets the proof of the following 
result. 


Lemma 11.7. Let n G N, po > 0. Then for all p ^ pq, 

[ r^{x-xi)r^{x,-x2)r^{x2-y)d^x^d^x2^r^{x-y), x,yGR^,x^y. 

(11.4) 

Proof of Lemma 111.41 Recalling pi.31) , 

g-^|x-y| 

-y) = _ ^|n-2 ’ x,yGW, x^y, p>0. 

Bv Lemmalll.il there exist ci. Ct > 0 such that for all u > 0 and x. v G R", x^y, 

rfj.{x - y) CiSf,/4{x - y), s^/4(a; - y) ^ C2r^/4(a; - y)- (11-5) 

Next, one recalls, with n = 2n + 1 for some n G N, from Lemma [5.121 equation 
(I5.16|) . that 

rt,{x - y) ^ 2”"V^/ 4 (x - y), x, y G M", x ^ y. 

Let r > 0. We estimate for x,y G M", x ^y, rj G L°°(]R"), with supp(r 7 ) C 5(0, t), 
p^ po, using Lemma ri 1.51 and inequality (lll.5|) . with k^- := 2"“^a;n_iT^, 


\rk{x,y)\ = 




/ r^(x - xi)y(xi)r^(xi - X2) ■ ■ ■ ■n{xk)r^^{xk - y) d”xi • • • dd^Xk 

J {W'V 

/ r^(x - xi)r^(xi - X2) • • • rf_^{xk - y) d^Xi ■ ■ ■ dd^Xk 
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€ 










= Ci 




(B(0.r))'= 


{ciKrY~^ 


r^{x - Xl)Sfj_/i{xl - X2) 

X v/4(a^fe-i - Xk)rf_t{xk - y) • • • dTXk 
r^(x - a;i)s^/4(a;i - Xk)rf_,{xk - y) (TxidTXk 


i{B{o,T)r 


C2 


'(B(0,r))2 


r^(a; - xi)r^/4(a;i - Xk)r^j,{xk - y) (TxicTxk 


.{ciKtT ^2” ^C2 / r^/4(x - a;i)r^/4(xi - Xfe) 

X rfj,/i{xk - y) dJ^xicTxk 
)''"i2”"3c2r^/4(a: - y), 


16 

.-n (ClKl 

Mo 


where, in the last estimate, we used Lemma 111.71 □ 

Having proved Lemma lll.41 we can now formulate and prove the result for the 
estimate of the perturbed and the unperturbed integral kernels (Green’s functions). 

Theorem 11.8. Let n € odd, yo > 0, d G (0,7r/2), k > 0. Then there exists 
c,r > 0 such that for all y G ^Lud ij G C"’”(R") with supp(77) C i?(0,T), 

||mIIa“ ^ estimate 

K+k.i^,y)\ ^ cr^e{fj.){x - y), x,y gW^, x^ y, 

holds, where and rj 4 e(zi) ^.re the integral kernels for the operators R-q+k. = 

(—A + 77 + 77 )”^ OLnd i?Re(zi); respectively. 

Proof. One recalls that r^ denotes the integral kernel of R^,. According to Lemma 
15.121 ()5.15[l . there exists ci > 1 such that for all p G one has 

\rk{x - y)\ < cirRe(/x)(a; - y), x,y gM."^, x^ y. 

Next, by Lemma Hi.21 one chooses ri > 0 such that ||i?zi? 7 || ^ 1/2 for all p G 
and p G with supp(? 7 ) C i?(0,ri) and ||? 7 ||l~ ^ k, implying that Rq+k is a 

well-dehned bounded linear operator in (see, e.g.. Remark 111.31) . 

Let r 2 > 0 be such that for all k G N^i, the integral kernel rk^B.e(k) the 
operator {Rne{k)'n)'"RRe{k) satisfies 

1 


\rk,Re(k)i^^y)\ ^ C2 ,^ r^e{k)/ii^ - y) 


( 11 . 6 ) 


^(2ci)'= 

for all x,y G M", x ^ y, p G 77 G L°°(]R") with ||77 ||lcx, < k and supp( 77 ) C 

5(0, T 2 ) and some C 2 > 0, which is possible by Lemma [11.41 

Let r := min{ri,r 2 }. Then, for x,y G M", and 77 G (^““(M”), with supp( 77 ) C 
5(0, r) and || 77 ||loo ^ k one gets for N, M G N, N > M, p G ^ko,^^ 

N N 

{{Xk * v) ■■■ {Xk * v))rk{x - y) ^ X! 4^^\^k,Re{k){x,y)\ 


k^M 


fc-times 


k^M 


if C2C1 ^ 2 ''rRe(zx)/4(a; - y) 

k^M 

^ C2Ci2"“+VRe(zx)/4(a; - y). 


(11.7) 
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Thus, 

OO 

r{x,y) * rf) ■ ■ ■ ir^ * 'q)y^{x - y), x,y&W, x^y, 

k=o ' Ty ^ 

fc-times 

defines a function, which, by the differentiability of rj, coincides with the funda¬ 
mental solution of (—A + rj + y). For x,y G K”, x y, y. G one thus gets, 

using (111.71) for M = 1 and A —>■ oo, 

\rr,+fi{x,y)\ < \rr,+f,{x,y) - r^{x - y)\ -f |r^(a; - y)\ 

< C2CirRe(/i)/4(ai -y) + cir-R,e(/i)(a; - y) 

< (c2Ci -f Ci2"“^)rRe(/,)/4(a; - y), 

where, in the last estimate, we used Lemma [5.121 (15.161) . with n = 2ri -|-1 for some 
n G N. Finally, for y G ,9, and from 

00 

R-q+fi — ^ ^ ~ 

k=0 

one reads off, for x,y G R", x ^ y, 

K+fi{x,y)\ < \rf,{x-y )\-f |r^ * 77r^+^(a;, y)| 

< cirR,e(;z)(a; - y) + cik(c 2 Ci -f ci2”“^)rR,e(;i) * r^e{ti)/4{x - y) 

< Ci^l -f k(c 2 Ci +ci2”“^)^^rRe(;i)(a;- y), 

where we used Proposition ll 1.61 for q = rj^e(9t)/4 for obtaining the last estimate. □ 

As a first application of Theorem 111.81 in the spirit of the results derived in 
Section [SJ we can show the following result. 

Corollary 11.9. Let n G odd, with n = 2n + 1 for some n G N, yo > 0, 
d G (0,7r/2). Then there exists r > 0, such that for m G N>fj there exists c y 1 
with the following properties: Given dli,..., 'i’m G (^“(R"), with 

|5'j(a;)| ^ k( 1 -f |a;|)““^ x G R”, j G 

for some ai,... ,am, k G [0, 00), then for all pj G Cf°{W^), llyjlli^ Gi 1, j G 
{1,..., m}, and supp(?79) C B{0, t), the integral kernel of Iljeli m} ^Vj+n'^j 
satisfies 

\tfj,{x,x)\ < K™c(l -I- X G R", y G 

Proof. Choose r > 0 as the minimum of t’s according to Theorem 1 11. 81 with k = 1 
and Lemma Hi.21 with /3 = 5. Let dli,..., 'I'm, Vi, - ■ ■ ,ym, m as in Corollary 111.91 
and let k' > k. Choose ^'9 G [0,oo)) with 

l^j(2')| < ^j(x) ^ k'( 1 + |a;|)"“C x G R”, j G {!,.. .,m}. 

Then, by Theorem 111.81 there exists c > 0 with 

\rnj+tj.{x,y)\ < crRe(9.)(a: - y), x,y gW^, x ^ y, yG 
Hence, for x G R" and y G one obtains 

l((''r,i+M * * «'m))(a;,x)| ^ C™((rRe(^«) * ^l) ■ • • (TRe(/x) * ^m))ix,x). 

□ 


Thus, the assertion follows from Lemma [5. 141 























92 


F. GESZTESY AND M. WAURICK 


Remark 11.10. A result similar to Corollary 111.91 holds if for some index j S 
{l,...,m}, the operator Rrij+ii is replaced by diRri^+r- for some ^ G {l,...,n}. 
For obtaining such a result, one needs a version of Lemma 15.131 where, in this 
lemma, the fundamental solution for the Helmholtz equation is replaced by the 
respective one for (—A + rjj + /i)u = /. o 

In the rest of this section, we shall establish the remaining estimate needed, to 
obtain a proof for Remark ll 1.101 More precisely, we aim for a proof of the following 
result: 


Theorem 11.11. Let n £ odd, for fi £ CR,e> 0 ) Ist dr- Lemma 15.131 

//q > 0, d £ ( 0 , 7 r/ 2 ), A > 0. Then there exists c ^ 1 and r > 0 such that for all 
j £ {1,... ,n}, 77 £ < K, with supp( 77 ) C and /r £ 

we have for all x,y € R", x ^ y, 

\dj{f r^+f,{f,y)){x)\ ^ cqB.e{^){\x - y\) 

with denoting the integral kernel of Rri+^ = (—A + 77 + y,)~^ , the latter being 
given by (111.11) . 

The proof of Theorem 111.111 will follow similar ideas as the one for Theorem 
111.81 We start with the following result: 

Theorem 11.12. Let n £ fc £ N, /c < tt, 77 > 0. Then the operator 

/ p _I ^^ I \ 

L2(R") 9 ^ ^ ^ e 

is well-defined, bounded, and positive definite. 


Proof. The operator is well-defined and bounded by Young’s inequality together 
with the observation that f: x^ e~^^^^\x\~^ is an L^(M”)-function. Moreover, for 
e > 0 we set 

g-Vr 

[0,oo)-)■ R, r !-)> -—^ 

Then (fg is a completely monotone function, since the maps r 1 —^ and r 1 —>■ 

(r-|-e)“^ are completely monotone. Observing that (/ig (r) —0 as r —>■ 00 and using 
the criterion on positive definiteness in m Theorem 2] one infers that ^e(| • |)* is 
a positive semi-definite operator. Moreover, since (fe ^ (j) in L^(R"') as e —>• 0, one 
gets that (fsd ■ D* —>• ^(1 • |)+ in S(L^(R")) as £ —>■ 0. Hence, for all if £ L^(R"') one 
infers 

0< limJ</)e*7/>,7/:)^,(jj„) = □ 


Corollary 11.13. Let n £ N^a; k G N, k < n, > 0- Denote q: R”\{0} 9 

a; !->■ Then for all p pq, 

y-o r^{x - xi)q{xi - x) d^xi ^ q{x - y), x,yGW",x^y, (H-S) 

JR" 

where r^ is the integral kernel for (—A -|- p)~^ £ H(L^(R”)). 


Proof. By Theorem 1 11. 121 q satisfies the assumptions in ProDOsition lll.61 implying 
inequality (111.811 . □ 


We conclude with the proof of Theorem 111.111 yielding the proof of Remark 

[TM 
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Proof of Theorem Wl.lU Choose r > 0 such that ^1/2 for all 77 S 

I1i?||l°° ^ K, with supp(77) C 5(0, r), and ^ G as permitted by Lemma Til.21 

Next, let j G {1,..., n} and recall 

00 


djRr^j^^ — dj v)Rfj) 




= djRf, + djRf,{-r])R^ ^ {{-v)Rfi) 


k-l 




= djR^ + djR^{-r]) ^ 


fc=0 


= djR^ - djRfj,{Ti)Rr,+^. (11.9) 

Let (7^ be as in Lemma 15.131 Upon appealing to Lemma 15.131 (see, in particular, 
inequalities (j5.18|) and (15.191) 1. one is left with estimating the integral kernel asso¬ 
ciated with the second summand in ()11.9p . which we denote by t. Using Theorem 
111.81 and Lemma 15.131 1)5.191) , there exists Ci ^ 1 such that 

Vri+ti{x,y)\ ^ cirRe(/.)/4(a; - y) and q^{\x - y\) ^ ciqB.e(fi){\x - y\) 
for all y G and x,y € R", x ^ y. Thus, for all x,y € K”, x ^ y, y € 

one gets with the help of (jll.8() (using that gRe(^)(| ’I) is a nonnegative linear 
combination of functions discussed in Corollary II 113|) . 

\t{x,y)\ = \djrf,* {'q)rr,+f,{x,y)\ 


^ Cl 


€ 




L 


B{0,t) 


q^{\x - a;i|)|?7(a;i)|rRe(^)/4(a;i - y)d^Xi 

1 / Q'Re(ii)(|a;-a;i|)rRe(^)/4(a;i-2/)d"a;i 


|l°°— gRe(ix)(|a;-2/|). 

Mo 


□ 
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12. The proof of Theorem 110.21 The Smooth Case 

In this section, we treat Theorem 110.21 for the particular case of C'^-potential^. 
Let n € N ^3 odd, G (K”; for some d G N. Assume that d>(a;) = <i)(x)* 

and that for some c > 0 and i? > 0 one has the strict positive definiteness condition 
|$(a;)| > cld for all x G R). With the operator L = Q + <& as in (j7.ip . 

we proceed as follows: At first, we show that if (Q<I))(a;) —0, \x\ oo, then L 
is a Fredholm operator lLemma ll2.ip . Next, if one defines U G (K"; to 

coincide with sgn(<I>) on R”\i3(0, R) as in Lemma [10.41 we show that the operator 
Q + 17 is also a Fredholm operator with the same index lTheorem ll2.2l) . Moreover, 
in this theorem, we shall also show that changing U to be unitary everywhere but 
on a small ball around 0 will not change the index. As this ball may be chosen 
arbitrarily small, we are in the position to proceed with a similar strategy to derive 
the index as in Section [7] and use the results from Section m In that sense, the 
following may also be considered as a first attempt for a perturbation theory for 
the generalized Witten index introduced at the end of Theorem 13.41 

We start with the Fredholm property for the operator considered in Theorem 
110.21 with smooth potentials (see also Theorem 16.3p . 

Lemma 12.1. Let n, d G N, L = Q + <& as in (17.ip . with 4) G (R"; and 

4)(a;) = x G R". Assume that C(x) := (Q4>) (x) — ?► 0 as |x| — >■ oo (see also 

(IG.lSp l. and that there exist c > 0 and R > 0 such that with |4>(a;)| ^ cld for all 
X G R"'\i3(0, i?). Then L is a Fredholm operator. 

Proof. One recalls from Proposition 16.101 that L*L = —A — C + and LL* = 
—A + C + The latter two operators are A-compact perturbations of — A + 4>^ 
due to C{x) —>■ 0 as |x| —>■ oo and Theorem 16.71 Next, since —A + 4)^ + c^xb{o,r) ^ 
—A+c^, the operator —A+^‘^+c^xb{o,r) is continuously invertible. But, — A+4)^+ 
c^Xb{o,r) is also a A-compact perturbation of — A + 4>^. Thus, by the invariance of 
the Fredholm property under relatively compact perturbations, one concludes the 
Fredholm property for — A -|- 4)^ and thus the same for L*L and LL*. □ 

As a corollary, we obtain the assertion that one might also consider potentials 
being pointwise unitary outside large balls. In this context, we refer the reader also 
to the beginning of Section [101 One notes that also Theorem IIP. 21 hints in the same 
direction as in the index formula only the sign of the potential occurs. 

Theorem 12.2. Let n,d G N, L = Q + ^ as in (17.11) with 4> G (R"; 
with 4>(a:) = 4>(a::)*, x G R". Assume that there exist c > 0 and R > 0 such 
that |4>(x)| ^ cld for all x G R"'\i?(0, i?) and (Q4>)(a::) —?► 0 as |a;| —>■ oo. If 
U G (^^(R"; pointwise self-adjoint with sgn($(x)) = U(x) for all a: G R" 

with |a;| ^ R' for some R' ^ R, then L '.= Q-\-U is Fredholm and ind(L) = ind (L). 

Proof. From Lemma [10.41 one gets {QU)(x) = (Qsgn($))(x) —>■ 0 as |x| —)► oo. 
Hence, by Lemma 112.11 the operators L = Q -I- 4> and L = Q -\- U are Fredholm 
(for L one observes that U(x)^ = Id for all |a;| ^ R'). Next, the operator family 
[0,1] 9 A !->■ Q + (1 — X)U Amin{c/2,1/2}I7 defines a homotopy from L to 
Q min{c/2, l/2}[7, which is a homotopy of Fredholm operators as (1 — A) -I- 
Amin{c/2,1/2} = 1 — A(1 — min{c/2,1/2}) ^ min{c/2,1/2} > 0 for all A G (0,1) 
and hence Lemma 112.11 applies. The rest of the proof is concerned with showing 


^We note that this section may explain the reasoning underlying the last lines on 1221 p. 226]. 
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that [0,1] 9 A i-A Q + (1 — A)$ + A miii{c/2, l/2}[/ defines a homotopy of Fredholm 
operators. Employing Lemma [12.11 it suffices to show that for some c > 0, 

[(1 — A)<l'(a;) + Amin{c/2, l/2}U{x)^ ^ cld 

for all X G R"\i?(0, i?') and A G [0,1]. By the spectral theorem for symmetric 
d X d-matrices it suffices to show that for real numbers a G M with ^ c^, one 
has for some c > 0, 

[(1 — A)a + Amin{c/2,1/2}sgn(a)]^ > c. 

But since 

[(1 — A)a + A min{c/2,1/2} sgn(a)] ^ = [(1 — A)|a| + Amin{c/2,1/2}]^, 
it remains to observe that 

(1 — A)|a| + Amin{c/2,1/2} ^ (1 — A)c + Amin{c/2,1/2} ^ min{c/2,1/2}. □ 


We remark that the assumptions in Theorem 112.21 can be met, using Lemma 
110.41 This, and [22] motivates the following notion of “Callias admissibility”. 

Definition 12.3. Let n,d G N. We say that a map $ G (K"; is called 

Callias admissible, if the following conditions (i)-{iii) are satisfied: 

(i) 4>(x) = $(x)*, X G M”. 

(ii) There exists R> 0 such that $(x) is unitary for all x G M"\i3(0,i?). 

(iii) There exists e > 1/2 such that for all a G Nq, there is k ^ 0 with 

(l + |a;|)-i, joj = 1, 

(l + |x|)"i"®, |a| ^ 2, 




X G 


Remark 12.4. Let <i> G (R"; be Callias admissible. By Theorem 112.21 

for any potential U G (R"; coinciding with sgn(4>) on large balls, the 

operators L = Q + d* and L = Q + U are Fredholm with the same index. Moreover, 
by Theorem ll0.31 and the unitarity of on large balls, one infers that on large balls 
17 = $. Next, by Lemma 110.41 we may choose U to be unitary everywhere but on 
a small ball centered at 0. In addition, we can choose U such that 

U{x)^ = u{x)Id, a; G R", 

with u G C'°“(R”; [0,1]) and m = 1 on R"'\il(0, t) for every chosen r > 0. For that 
reason, in order to compute the index for L = Q + 4>, our main focus only needs 
to be potentials with the properties of U discussed here, and then one can employ 
the results of Section dn o 


Remark 112.41 leads to the following definition: 

Definition 12.5 (r-admissibility). Let n,d G R", t > 0, U G (R”; . 

We say that U is admissible on R”\i3(0,T), in short, r-admissible, if U is Callias 
admissible and there exists u G C'°“(R”; [0,1]) satisfying 

U{xY=u{x)Id, a; G R", 

with the property that u = 1 on W^\B{0 ,t). 


( 12 . 1 ) 
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To get a first impression of the difference between the notions of admissibility 
(see Definition and r-admissibility, we will compute the resolvent differences 
of the resolvents of L*L and LL* in Proposition 112.71 with L = Q + U given as in 
(EB) for some r-admissible U with u as in (I12.4|) . First, we note that by Proposition 
16.101 one has 

L* L = —Al2fid + C + 

with C = {QU). In Section [71 and in particular in Proposition 17.51 we discussed 
the resolvent {L*L + z)~^ in terms of i?i+z = {—Al 2 nd + (1 + z))~^. The latter 
operator needs to be replaced by the following (see also (111.11) 1 

Ru+z '■= + u + z) ^ (12.2) 

= ( —A/2n^ + (u — l)/2"d + [z + l)/2"d) 

oo 

= ^(l?l+^(w — l)72"d)^l?l+2i 

fc =0 

provided the latter series converges. As already discussed in Lemma [10.41 this can 
be ensured if t is chosen small enough. Thus, for this pupose, we shall fix the 
parameters according to the results in Section [TTJ 

Hypothesis 12.6. Let n = 2n + 1, n € N^i, 

5oe(-i,0), ^?e(0,V2). (12.3) 

For /To := (5o + 1 let "ilTLTI Lemma 111.21 for /? = 1/2, iIXXtTI Theorem 

111.111 for K = 1, 'jTXlHj Theorem 111.81 for k = 1, and ™ Corollary 

111.91 Define 

T := minlTHT^ ITTm IITm TTTTT] }- (12-4) 

As mentioned already, for r-admissible potentials, we shall derive the index 
theorem similarly to the derivation for admissible potentials. More precisely, at 
first, we will focus on computing the trace of xaBl{z), as in Theorem l7.ll We note 
that the following parallels the Section jT] 

To start, we need to state a result similar to Proposition 17.51 In fact, using the 
expressions in (17.1111 and (17.10|) . with Ri+z replaced by Ru+z (see (lll.l|l l. even the 
proof turns out to be the same. 

Proposition 12.7. Assume Hypothesis 112.61 let z G o-nd suppose U £ 

(]gn. (j^dxd) T-admissible {cf. Definition \12M . with u as in (112.11) 1. We recall 
that L = Q + U as in (17.111 . C = (QU) in (|6.1511 . and Ru+z in (112.211 . If, in 
addition, z £ g{—L*L) (~l g{—LL*), then for all N £ N, 

{L*L + z)~^ - {LL* + z)~^ 

N 

= 2 Y, Ru+z (Ci?„+z)'"+^ + ( iL*L + zY - {LL* + z)-^) {CRu+zf^^^ 

k^O 

N 

= 2 Y Ru+z (Ci?„+z)'"+^ + ( iL*L + zY + {LL* + z )-^) {CRu+zY^"" , 

and 


{L*L + z)-Y{LL* + z)-^ 
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N 

= 2 ^ {CRu+.f^ + ( {L*L + z)-^ + {LL* + z)-^) {CRu+zf^^^ • 

fc =0 

Next, we formulate the variant of Lemma 17.71 

Lemma 12.8. Assume Hvvothesis 112.61 z G let U G (K"; be t- 

admissible {cf. Definition \12.5\\ . with u as in (112.11) . Let L = Q + U be given by 
dZH) and z G D g{—L*L) n g{—LL*). We recall B]^{z), and Ai^{z) 

given by dUl), dZH), and (17.71) {with <1) replaced by U), respectively, as well as Ru+z 
given by (112.21) . Then the following assertions hold: 

n 

2Bl{z) = [dj, Jl{z)] + Al{z), 
i=i 

= 211-2**^ (2(i?„+,C)"i?„+, + {{L*L + z)-i - {LL* + z)Y , 

with 

Jiiz) = 2tr2«rf {lj,uQ{Ru+zCr-^Ru+z) + 2tr2^rf {lj,nU{Ru+zCr-^Ru+z) 

+ tr2^d {l,,uQ{{L*L + z)-i + {LL* + z)Y (Ci?„+,)") 

+ tr2.d {jj,uU{{L*L + z)-^ + {LL* + z)Y {CRu+zT ), 

j G n}, 

and 

Al{z) = tr2«rf ([C/, C/(2(i?„+,C)”i?„+, + {{L*L + z)"! - {LL* + z)Y 

X (Ci?„+.)'‘+i)]) 

- tr2.d ([17, Q{2{Rz,+,CT-^Ru+z + {{L*L + z)-^ - {LL* + z)Y 

x{CRu+zT)]). 

Proof. The proof follows line by line those of Lemma 17.71 observing that Ru+z 
commutes with jj^n, J G {Ij • ■ •) "r}. □ 

Remark 12.9. For even space dimensions n - as in Lemma l7.7l - the corresponding 
operator B+{z) also vanishes for all 2 G g{—L*L) (~) g{—LL*). That is why we will 
disregard even space dimensions from now on. o 

The proof of the variant of Theorem l7.8l is slightly more involved: 

Theorem 12.10. Assume Hvvothesis 112.61 2 G Let U G (K ";be 

T-admissible {cf. Definitional^, with u as in (112.11) . Let L = Q + U be given by 
dlTj. Then there exists Sq ^ 6 < 0, such that for all z G ^s,-df^g {—L*L)r\g {—LL*) 
and A > 0, the operator xaBl{z), with B+{z) given by (17.21) . is trace class with 
2 I—>■ tr(|xAi?i( 2 )|) bounded on B{0, |(5|)\{0}. Moreover, the trace of xaBl{z) may 
be computed as the integral over the diagonal of the corresponding integral kernel. 

Proof. It suffices to observe that if 77 G one has Ru+zV G S„+i(L^(]R”)), 

with 

||7?u+2?7||b„4.i ^ 


Ru+z1t = ^(i?l+z(M - l))''i?l+z77. 


Indeed, from 
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the ideal property, Hypothesis 112.61 and (111.111 . it follows that 

OO 

k=0 

The rest of the proof of the trace class property follows literally that of Theorem 
m The assertion concerning the computation of the trace rests on Remark I7.91 
which applies in this context. □ 


The variant of Lemma with L = Q + U instead of L = Q + <& for some 
T-admissible U need not be stated again as it only contains a statement about 
the regularity of the integral kernels of Jj^{z) and Al{z) (see Lemma [12.8p . j € 
{1,..., n}. Its proof, however, varies slightly from that of Lemma 18.II in the sense 
that i?i +2 should be replaced by Ru+z and $ by U. In addition, we recall Remark 
lll.3l lnd to the effect that the application of Ru+z increases weak differentiability 
by two units. 

For the proof of Lemma ISTSl we extensively used that Q commutes with Ri+z- 
However, on notes that Q does not commute with Ru+z- In fact, one has 

\Ru+zi — Ru+zQ QRu+z — Ru+zi^QA)Ru+z^ 

recalling our convention to denote the operator of multipliying with the function 
X I—>• {Qu){x) by (Qu). Due to this lack of commutativity, the proof of the analog 
to Lemma 18.51 is more involved and expanding the resolvent Ru+z in the way done 
in (112.21) . the terms discussed in Lemma [8.51 turn out to be the leading terms in a 
power series expression: 


Lemma 12.11. Assume Hypothesis 112.61 let z G and suppose that U S 

C“(K"; is T-admissible {cf. Definition \12.b\ . with u as in (112. ip . and C = 

(QU). Let L = Q U be given by (17.11) and XA o,s in (17.31) . A > 0. For z £ 

A > 0, define 

Uiz) ■■= XAtr2.4[Q,C/(Ci?„+2r]) 

and 

^a{z) := XA tr2., ([Q, Q (CRu+zT]) ■ 

Then for all z £ Ihe operators £,a{z), £,a{z) are trace class and the families 

{z i-A trA 2 (Rr.)(fA(^))}A>o and {z trA 2 (Rn) (fA(2))}A>o 
are locally bounded (cf. (18.11) 1. 

Proof. As in the proof of Lemma 18.51 we start out with c^aC-z) and observe with 

dmi), 

?a(2:) = XA Hand ([Q, U (CRu+zT] ) 


— XAtr2n£i 

= XAtr2nrf 


Q,u(cf2{Ri+z(u-l))’^Ri+z) ]) 

^ k^O / J/ 


E C(Ri+z(u-l))'^^Ri+zC 

fc —0 O^fcl,.. .,fcn ^ 

X (Ri+ziu - l))'==i?i+2 • • • CiRi+z(u - l))'“'"i?i+. 
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oo 

= X! X] trand 

k—0 0^ki,...,kn^k 

ki-\-...-\-kTi—k 


Q,u 


X 


C{Ri+,{u 


l))'^^Ri+,---CiRi+,{u 



In the expression for ^a(-z) just derived, we note that the summand for k = 0 has 
been discussed in Lemma [8.51 so we are left with showing the trace class property 
for the summands belonging to fc > 0. Moreover, we need to derive an estimate 
guaranteeing that the sum in the expression for ^a(z) converges in Bi. Let fc € 
and ki,... ,kn G N^o such that fci + ... + = /c, and consider 


■■= XA tr2^d ( Q,u(^C{Ri+,{u - l))^^Ri+z ■ ■ ■ C{Ri+,{u - 
= XA tr^^d (Qu(c{R,+,iu - l))’^^Ri+. ■ ■ • C(i?i+,(u - 1 ))'="^!+ 


- u(^C{Ri+,{u - l)f^Ri+. ■ ■ ■ C{Ri+,{u - sj. (12. 


5) 


Let j ^ {1,..., n} be the smallest index for which kj ^ 1. Then the first summand 
in (112.51) reads 

T := QU{CRi+,y-^CiRi+4u - 1))^^Ri+. ■ ■ ■ C^Ri+^iu - l))'="i?i+. 

= QU{CRi+,y-^CRi+,{{u - l)Ri+.p ■ ■ ■ (Ci?i+,)((u - 
= Q[/(Ci?i+,y ((u - l)i?i+,)'=^- • • • (Ci?i+,)((u - l)i?i+.)'=". (12.6) 


From 

QU iCRi+,y = UQ {CRi+,y + [Q, U] {CRi+,y 

t=i 

+ [Q,U] (Ci^l+,)^ 

one infers 

QU{CRi+,y e S(„+1)/J, 
by Lemma 14.51 and the Holder-type inequality for the Schatten class operators. 
Theorem 14.21 On the right-hand side of (112.61) . apart from {CRi+^Y, there are 
n — j factors of the form CRi+z S Bn+i. In addition, there is at least one factor 
(m— l)i?i +2 G Bn+i, by Lemma [431 and the fact that (u — 1) G L”+^(]R”) (as (u — 1) 
is bounded and compactly supported). Hence, by the trace ideal property and the 
choice of the parameters as in Hypothesis 112.61 one gets 

The second term under the trace sign in the expression for Ski,...,k„ (see (112.51) ') can 
be dealt with similarly, so there exists k > 0 independently of A > 0, z G 
and fc G N, such that 
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Hence, for all A > 0 and z G one gets 

OO 

iiawb. ^iiv'awiib.+E E 

k—l 0^ki,...,kn^k 

ki-\-...-\-kn—k 

OO 

^iiV'AWiiB,+E'^(^+ir2'-", (12.7) 

fc=i 

where i’hi.z) is defined in Lemma [831 Inequality (jl2.7|) yields the assertion for ^a. 
A similar reasoning - as in Lemma 18.51 for tpAiz) - applies to ^a{z). □ 

Next, we turn to the proof of a modified version of Lemma 18.61 

Lemma 12.12. Assume Hvvothesis 112.61 Let z G and assume that U G 

(R"; is T-admissible {cf. Definition \\2M . withu as in (112.11) . C = {QU). 

Let L = Q + U be given by jLU) and xa bls in (17.31) , A > 0. For z G Sio.i?; A > 0, 
define 

Ca{z) := XA tr^.d {[Q,U{ {L*L + z)"' - {LL* + z)"') ]) 

and 

Ca{z) := XA tr^., ( [Q, (Q( {L*L + z)"' - (LL* + z)"') (Ci?„+,)"+')]) . 

Then for all z G D g{—L*L) D g{—LL*), the operators Ca(^), Ca{z) are trace 

class and there exists S G (i^OjO) such that the families 

9 z I—>■ ztrA 2 (Rn)((CA(z))}A>o and 9 z i—>■ ztrA 2 (Rn) (CaC^))}^^^ 

are locally bounded {cf. (18.11) 1. 

Proof. On can follow the proof of Lemma [8.6l line by line upon replacing $ by ?7 and 
Ri+z by Ru+z- (We recall CRu+z G Bn+i with \\CRu+z\\b„+i ^ 2||Ci?i+2||B„^J. 

□ 

As in the derivation of Theorem 17. II we summarize the results obtained for local 
boundedness in a theorem (cf. Theorem 18.71) : 

Theorem 12.13. Assume Hvvothesis 112.61 z G Let U G (K”; be 

T-admissible {cf. Definition \12.^\i . withu as in (jl2.ip . C = {QU). Let L = Q-\-U be 
given by (17.11) and XA a,s in (17.31) . A > 0. Define for z G 'Esg,'dr\g{—LL*)r\g{—L*L), 

iA{z) := XA tr 2 ., ([Q, t/((L*L + z)"' + (LL* + z)"') (Ci?„+,)"]), 

and 

Ta{z) := XA tr2«d ([Q, Q((A*L + z)"! + (LL* + z)-^) {CR^+z )’^]). 

Then for all z G D g{—LL*) D g{—L*L), the operators la{z), 7a(z) are trace 

class and there exists S G (do,0) such that the families 

9 z i-A ztrA2(Rn)(tA(2))}A>0 and 9 z H> ztrA 2 (Rn) (7 a(2))}a>o 

are locally bounded {cf. (18.11) 1. 

Proof. As in the proof for Theorem ll2.13l it suffices to realize that tA(z) = 2 ^a(.z) + 
(('a(z) and Ta{z) = 2f^A{z) + Ca( 2 :) with the functions introduced in Lemmas 112.111 
and 112.1^ Thus, the assertion follows from the Lemmas 112.Ill and 112.121 □ 
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The proof of the result analogous to Lemma 18. 101 needs some modifications. In 
particular, one should pay particular attention to the assertion concerning hij i In 
Lemma I8.I0I we proved that hi j vanishes on the diagonal. Here, we are only able 
to give an estimate. 


Lemma 12.14. Assume Humthesis 112. 6| Let z € 'L, 5 o,'d, o,nd assume that U € 
(7“ (K"; is T- admissible (cf. Definition \12A\i . withu as in (112.111 . C = (QU). 

Let L = Q + U be given by dm, Ru+z in (nnn as well as Q, and 
j € {1,..., n}, given by (16.31) . and as in Remark \6.1[ respectively. Then for n ^ 3, 
the integral kernel h 2 j{z) of 

2 tr2«d hnnU {Ru+zCr~" R^+z) 

satisfies, 

h 2 j{z){x,x) = h 3 j{z){x,x) + goj{z){x,x), 
where h^^j{z) is the integral kernel of 2 ti 2 iid 9o,jiz) satisfies 

sup \go,j{z){x,x)\ ^ k(1 + 


for all X € M" and some k > 0. 

In addition, if n ^ 5 and z £ R, then the integral kernel hij{z) of 

tl' 2 nd {l3,nQ {Ru+zCy~‘^ Ru+z) 


satisfies 


sup |hij(z)(x,x)| k( 1 + |x|) ". 

, 1 ? 


Proof. We start with hi,j{z). Using the Neumann series expression in ()11.1|) . one 
computes, 


Hij(z) :■ 


'■= U 2 Kd (7j.nQ ^ Ru+z) 

/ / oo \ n—2 OD 

= tr2.d [l3,nQ[ Y,{Rl+z{u-l)fR3+zC\ ^ (i?i+, (u - 1) )'=i?i+, 

^ ^ /t-0 ^ 

= UaKd {l+nQ {Ri+zC)'^~‘^ Ri+z) 

+ tr2Bd (')+nQ(^{Rl+z{u- l))’'Rl+zC] 

/ oo N n—3 oo \ 

X ( ^(Ei+.(u - l))^'i?i+,C j X Y^iRi+ziu - l))'^Ri+z I 
^ k^O ^ k^O ^ 

/ / oo \ n—2 

+ • • • + tr2n£; f 7 j>q( — l))^i?i+2C' j 

^ ^ fc=0 ' 


X^(i?l+,(u-l))'=i?l+, 

fc=l 

= {l3,nQ{Rl+zCy^ ^RiJ^z) 

+ U2"d {l 3 ,nQ{Rl+z{u - l)){Ru+zCY~‘^Ru+z) 

+ • ■ • + tr2nj; ( 7 j,raQ(i?u + 2;C')” ^ (i?l + z (u — . 
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By Lemma [8. 101 the diagonal of the integral kernel associated with 

(7j>Q Ri+^) 

vanishes. Thus, it remains to address the asymptotics of the diagonal of the integral 
kernel associated with 

tl'2nd {-Jj,nQ{Rl+ziu - l)){Ru+zC)'^~'^Ru+z) 

+ • ■ • + tl'2"d {lj,nQ{Ru+zC)'^ '^{Ri+z{u — l))Ru+z) ■ 

One observes that the function (u — 1) vanishes outside 5(0, r) C M" (we recall 
Hypothesis 1 12. 6|) . Being bounded by 1, it particularly satisfies the estimate 

|(m - l)(x)| < (1 + t)"( 1 + |x|)-", X € R". 

Realizing that the function C is bounded, the assertion for hij(z) follows from 
Remark 111.101 

The assertion about h 2 j can be shown with Remark[5ll8] (replacing the operators 
Rfi in that remark by Ru+z and using that the integral kernel of Ru+z can be 
estimated by the respective one for i?i+R,e( 2 )i see Theorem lll.811 and the asymptotic 
conditions imposed on U (see Definition 112.51) . □ 

The analog of Theorem 18.111 stated below, is now shown in the same way, em¬ 
ploying Theorems 11 1.1 11 and 111.81 

Theorem 12.15. Assume Hvvothesis 112.61 2 £ ^ ^ (K ”;be 

T-admissible {cf. Definition \l2.b\\ . with u as in (112.11) . C = (QU). Let L = Q + U 
be given by (ILII), Ru+z as in (jll.ip as well as Q, and 7j,n, j £ {1, • • ■ ,n}, given 
by (|6.31) . and as in Remarfc lfi.ll respectively. Then there exists zq > 0, such that 
for all z £ C with Re( 2 ) > zq, the integral kernels gi and g 2 of the operators 

{lj,nU {{L* L + z) + {LL* + z) ^ (CRu+z) ) 

and 

{Tj,nQ{{L*L + z) ^ + {LL* + z) {CRu+z) ), 
respectively, satisfy for some k > 0, 

{\gi{x,x)\ + \g 2 {x,x)\) < k{1 + |x|)"”, X £ M". 

The next result, the analog of Corollary 18.121 is slightly different compared to 
the previous analogs since the operator is not replaced by 

tr2«rf(7,.nl7C-iRC+.)- Indeed, Corollarv l8.121 was used to show that the only im¬ 
portant term for the computation for the index is given by tr 2 ri(j (7j_nl7C'"“^i?"_|_-,), 
for which we computed the integral over the diagonal of the corresponding integral 
kernel in Proposition 18.131 eventually yielding the formula for the index. Since the 
asserted formulas for admissible and r-admissible potentials are the same, we need 
to have a result to the effect that the integral of over the diagonal of the integral 
kernels of the operators tr 2 n^ ['jj^nUC'^~^Ru+z) andtr 2 n^ {lj,nUC'^~^Ri^z:) should 
lead to the same results. In fact, this is part of the proof of the following result: 

Corollary 12.16. Assume Hvvothesis WZ.tA z £ Let U £ (7“(R”; be 

T-admissible {cf. Definition \12.5\i . with u as in (112.11) . C = (QU). Let L = Q -£ U 
be given by dZIl), Ru+z as in (|ll.ip as well as Q, and j £ {1, ■ • ■ ,n}, given 
by (16.31) . and as in Remark \6.l\. respectively. 

{i) Let n £ j £ {!,..., n}. Then there exists zq > 0, such that if z £ C, 
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Re( 2 ;) > zo, and h and g denote the integral kernel of 2 ti 2 fid {'lj,nUC^ 

J^j^{z), respectively, then for some k > 0, 

\h{x,x) — g{x,x)\ ^ k(1 + x € K.". 

(ii) The assertion of part (i) also holds for n = 3, if, in the above statement, 
is replaced by Jf{z) - 2tr2d {^j^^QRi+zCRi+z). 

Proof. One recalls from Lemma [12.81 

.Jiiz) = 2tr2«d {ij.nQ iRu+zC)^~^ Ru+z) +2tT2^d {lj,nU iRu+zCf~^ R^+z) 

+ {l 3 ,nQ{ {L*L + z)-^ + {LL* + z)-^ ) {CRu+zT ) 

^'^ 2 ^d{fl 3 ,riU i^{L*L + z) ^ {LL* + z) ^^{CRu+z)^^- 

With the help of Theorem 112.151 one deduces that the integral kernels of the last 
two terms may be estimated by k( 1 + |a;|)“” on the diagonal. The integral kernel 
of the first term is also bounded by k'( 1 + |x|)“” for a suitable k' by Lemma ri2.14l 
Hence, it remains to inspect the second term on the right-hand side. The assertion 
follows from Lemma 112.141 once we establish estimates for the respective integral 
kernels of the differences 

tr2.d - tr2., (12.8) 

and 

tl'2d {l 3 ,zQRu+zCRu+z) — tr2d {'^j^zQRl+zCRl+z) ■ (12.9) 

In this context we will use the equation 

OO 

= ^Ri+,((u-l)i?i+,)'= 

OO 

= Ri+z + Ri+z{{u — l)Ri+z)^ 
fe=i 

~ Ri+z T Ri+zia l)i?u+ 2 - 
Thus, (112.91) and (112.81) read 

tr2d {ij.sQRl+ziu - l)Ru+zCRi+z) + tl2d {jj^sQRl+zCRi+ziu - l)Ru+z) + 

+ tr2d {l3,3QRi+z{u - l)Ru+zCRi+z{u - l)Ru+z) (12.10) 

and 

n 

E {l3,nUC^-^Rt+\R3+z{u - l)Ru+zRl+l) > (12-11) 

fc=i 

respectively. In each summand of p2.10l) and p2.11D there is one term (u—1) which 
is compactly supported and thus clearly satisfies for some n' > 0, |(m — l)(a;)| ^ 
k'( 1 -I- |a;|)“", X G M". Hence, the assertion on the asymptotics of the integral 
kernels associated with the operators in p2.9l) and (112.81) follows from Corollary 

rmn □ 

We are now ready to prove Theorem 110.21 for R > 0 and smooth potentials <i>. 

Theorem 12.17 fTheorem ll0.2l for R > 0, smooth case). Letn,d G N, n ^ 3 odd, 
and $ € (K”, satisfy the following assumptions: 

{i) <l>(x) = $(x)*, X G R". 
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(ii) There exist c > 0 and R> 0 such that |$(a;)| ^ cld for all x S MT\B{0,R). 
{in) There exists e > 1/2 such that for all a G Nq there is n > 0 with 


||5“<i>(x)|| K 


'(i + N)-', 


|a| = 1, 

Ia| ^ 2, 


X G 


Let L = Q + $ as in (17.11) . i5o € (—1,0),t9 € ( 0 , 7 r/ 2 ). Then there exists r > 0 sueh 
that for all r-admissible potentials U with U = sgn($) on sufficiently large balls, 
and with L := Q + U, the following assertions {a)~{5) hold: 

(a) There exists Sq ^ S < 0 and Q < D Gi Dq such that for all A > 0 the family 

9 z I—>■ zxAl^ 2 ^d{{^*^ T z) ^ — {LL* z) G yBi(2y^(R"')) (12.12) 
is analytic. 

(/3) The family {/a}a>o of holomorphic functions 

/a : 9 2 ; I— >■ tr {zxa T z) ^ — {LL* + z) (12.13) 

is locally bounded {see m)- 

( 7 ) The limit f := lim /a exists in the compact open topology and satisfies for 

A^oo 

all z G 

1 

f{z) = c„(l + 2)-”/2 lim - Yi ejG. 

A —>00 A ^' 

X f iT{U{x){di^Lf{x).. .{di^_^U){x))xj d'^~^a{x), (12.14) 

Jas"-! 

where 

1 f l 1 

[(n-l)/ 2 ]!- 

(^) the operators L and L are Fredholm operators and 
ind (L) = ind(L) = /(O) 

1 " 

= Cn lim - V (12.15) 

A—^oo A ^' 

X f tT{U{x){di^U){x)... {di,^_.^U){x))xj d'^~^cr{x). 
iAS"-! 

As mentioned earlier in connection with the proof of Theorem 112.171 we will 
follow the analogous reasoning used for the proof for Theorem l7.ll So for the proof 
of Theorem 1 12.1 71 we now need to replace the statements Theorem 17.81 Lemma 17771 
Lemma 18.101 Theorem 18.71 and Corollary 18.121 by the respective results Theorem 
112.101 Lemma [12.81 Lemma ri2.141 Theorem 112.131 and Corollary 112.161 obtained in 
this section. Since large parts of the proof would just be a repetition of arguments 
used in the proof of Theorem 17.11 we will not give a detailed proof for the case 
n ^ 5. However, in Section |S1 we only sketched how the result for n = 3 comes 
about. As this case is notationally less messy, we will now give the full proof for the 
case n = 3. As in Section [51 the core idea is to regularize the expressions involved 
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by multiplying Bl{z) with (1 — ^A) ^ > 0, from either side, which results in 

BL.fiiz) = (1 - A^A)“^ Bl{z) (1 - , 

(compare with (I9.1I1 1. and similarly for j£ ^{z) and Al,ij.{z), recalling (19.21) and 
(lO) . respectively. 


Proof of Theorem Wl .n\. n = 3. Part (a): This follows from Theorem ll2.10l 

Part (/3): Again by Theorem 112.101 the expression ti{xABL{z)), with Bl{z) as 
given in (IQ) . can be computed as the integral over the diagonal of its integral 
kernel. Next, we denote by A and J the integral kernels for the operators Al{z) 
and 2Bl{z) — Ai^{z), respectively, and correspondingly and for Al^^{z) and 
2B]^^^{z) — Al^ij_{z), /i > 0. Hence, Propositionapplied to A yields, 

2 / a ( 2 ) = 2tr{xABLiz)) 


/ A(a;, a;) + J(a:, a:) = / JI(a;, a;) d^a; 

Jb{o,a) Jb{o,a) 

lim / Iu{x,x) d^x, 

Jb(o.a) 


Ib{o,a) 

where in the last equality we used the continuity the integral kernels of 2Bl{z) and 
Al{z), as well as Lemma |8Jl 

Next, appealing to the analog result of Lemma 19.21 for $ being replaced by the 
r-admissible potential U, one arrives at 


2/a(z) = lim [ Ifj_{x,x)d^x 

Jb{o,a) 

= lim f /S[^},Y^[dj,Ji {z)]6[^}\d^x. 

a‘^oJs(o.a) \ ^ / 


Denote 


:= {x HA 

where ^{z) is the integral kernel of ^{z), j G {1, 2, 3}, and that for 

{J£(z) -2tr2d(7a,3Q^l+zC'^l+^)}Jg{l_2,3}■ 

Invoking Lemmas 19.41 and 18.91 and hence the fact that {a; i-A Ki_^(a;, a:)}^>o is 
locally bounded, one obtains 

lim / a;) d^a; = lim / („(x, a:), — ) d^a{x) 

i^^^Jb(o.a) ^ A/ 


Ias^ 


I 

Jas^ 


lim flKi ^(a:,a:), Y ) d‘^a{x) 

fi—yO \ A/ 

^Ki,2(x,a:), d^(j{x). 


Hence, one arrives at 


2/a(^) = (KL,;,(a;), ^ d^a{x) 


(12.16) 


/B(0,A) \ 
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with 

Jliz) := Ji{z) -2tv2d{lj,iQRi+.CRi+,). 

For proving that {/a}a>o is locally bounded, we recall from Lemma [12.81 that 

= 2tr2(i {'yj,?,Q{Ru+zC)Ru+z) — ‘^^T:2d{lj,3QRl+zCRl+z) 

+ 2 tr2d (7j,3Cl {Ru+zCfR u-\-z^ 

+ tr2d {l 3 , 3 Q{[L*L + z)-^ + {LL* + z)-^) {CRu+zf) 

+ tr2d {Jj,3U{{L*L + z)-1 + {LL* + Z)-^) (CRu+zf) , 

and, thus, 

i=i 

3 

= [dj, (2tr2d ('yj^3Q(Ru+zC)Ru+z) — 2tr2ci(7j,3Q^i+zCl?i+z))] 
t=i 

3 

+ ^ [9„2tr2d {j,,3U(Ru+zCfRu+z)] 
i=i 

+ tT2d{[Q,U{iL*L + z)-^ + (LL* + z)-f (CRu+zf]) 

+ tr 2 d ([Q, (Q((L*L + + (LL* + z)-f (CRu+zf)]) ■ 

Hence, 


2 

Va(z)= [ 

is(0,A) \ 


(2tr2d ('Jj^3Q(Ru+zC)R u+z) 

— ‘^tT2d{'lj,3QRl-\-zCRi^z)) 

f ^ ^ \dj tT2d {Ru-\-zC^ 

Jb{o,a) \ ^ / 


<^{a:} ) d^" 


■tr(iA(2;)) +tr(tA(2;)), 


where la(z) and Ta(z) are defined in Theorem 112.131 With the help of part (a), 
Theorem 112.131 and Lemma (8.31 to prove part (/3), it suffices to prove the local 
boundedness of 

z^ [ (S{oo},'^[dj,(2tr2d{lj,3Q(Ru+zC)Ru+z) 

iB(O.A) \ 

- 2tr2d(7i,3Q^i+zCi?i+2))](5{3.}^ (fix 

and 

z^ [ /d{^},'^[dj, 2 tr 2 d{lj, 3 U(Ru+zCf -Ru+z)] ^{a:} \ C? X, 

Jb{0,A) \ / 

both considered as families of functions indexed by A > 0. Appealing to Gauss’ 
divergence theorem, it suffices to show that the integral kernels associated with the 
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operators 


QRu+zCRu+z — QRi+zC Ri+z 

= QRi+z{u — l)Ru+zCRu+z + QRu+zC Ri+z{u — \)Ru+z 
+ QRl+z{u — l)Ru+zCRl-\-z{u — l)Ru+z 


and 

U{Ru+zCfRu+z 

can be estimated on the diagonal by k'(1 + for some k' > 0 for sufficiently 

large |a;|. However, this is a consequence of Corollary 1 11. 91 proving part (/3). 

Part ( 7 ): By Montel’s Theorem, there exists a sequence of positive reals 

tending to inhnity such that / := limfe_>.oo /a^ exists in the compact open topology. 
From (I12.16|l . one recalls 

2 /a(^) = [ (Ki.^(x,x), d'^cr{x), 

Jas^ ^ A/ 

with denoting the integral kernel of 


2 tr2d(7t,3Q^i+2C'^i+z)}jg^j^ 2,3}' 

Next, we choose zq > 0 as in Corollary ll2.16l lAd and let z € With hj, 

the integral kernel of 2 tr 2 d we define := (x i-A hj(x,x))j^^^ ^ 3 }- 

Due to Corollary 112.16l (iD one can find k > 0 such that for k G N, 


Hence, 


and 


(Kj^z - EI^)(a;), — d^a(x) 

I AkS^ V 

[ ||(Ky,-H,)(a;)||Rnd 2 a(x) 

JAkS'^ 

f {1+ \x\)~‘^~’^ d^a{x) 

JAkS^ 

= KA^a; 2 (l + Afe) ^ 


lim [ ( (Ky^ - IH 2 )(x), d'^a{x) = 0 , 

fe-i-ooJAfcS^ V 


2 /( 2 :) = lim [ d^a{x) 


= lim 

JAkS^ 

= (±\ 


I 




ff)(l + z)-3/2 hm f 

V Stt / k-^oo 


AfcS 2 

3 y 3 

xE( E ^jiii 2 (x){di^U){x) (5i2 U){x)) 

j=l ^ii,i2 = l 


(12.17) 


where, for the last integral, we used Proposition 18. 131 Theorem 13.41 implies /(O) = 
ind(T). In particular, any sequence {AfcjfcgN of positive reals converging to infinity 














108 


F. GESZTESY AND M. WAURICK 


contains a subsequence such that for that particular subsequence the limit 


exists and equals 

2 ind(L) 

[z/(8^)](l + ^)-3/2- 

Hence, the limit 

[ X! ^jn-^2HU{x){di,U){x){d^^U){x))(^'] d^a{x) 

jAlA2 = l ^ ^ 


(12.18) 


(12.19) 


exists and equals the number in (112.181) . On the other hand, for Re( 2 ) > Zq 
with zo > 0 sufficiently large (according to Corollary 112.161 101 the family {/a}a>o 
converges for A —?► oo on the domain CRe>zo if and only if the limit in (112.191) 

exists. Indeed, this follows from the explicit expression for the limit in (112.171) . 
Therefore, {/a}a>o converges in the compact open topology on CRe>zo O 
By the local boundedness of the latter family on the principle of analytic 

continuation for analytic functions implies that the latter family actually converges 
on the domain in the compact open topology. In particular, 

2/(z)(1 + z)3/2 
V(87r) 

= 2 ^ Sjii-i2^^iUix)idi^U)ix)id^^U)ix))(^^^ (faix). 


Part ((5): The Fredholm property of L and L follows from Lemma [13.31 and the 
equality ind (T) = ind(L) follows from Theorem 112.21 and Remark 112.41 The re¬ 
maining equality in (112.151) follows from part ( 7 ) and Theorem 13.41 □ 
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13. The proof of Theorem I10.2t The General Case 


The strategy to prove Theorem 110.21 for potentials which are only consists 
in an additional convolution with a suitable mollifier, applying Theorem 110.21 (i.e., 
Theorem 1 12. 171) for the C'^-case, and to use suitable perurbation theorems for the 
Fredholm index. The next result gathers information on mollified functions. 

Proposition 13.1. Let n,d G N, <I> G (K”;. Assume C G with 

C > 0, supp(C) C B{0, 1), /jj„ ({x) (Px = 1 and /or 7 > 0 define C 7 := 7""C (l/7-) 
and := (^..y + 

(1) For all 0 <"/< 1 and j G {1,..., n} one has 

||$(a;) - $ 7 (a;)|| < 7 sup ||$'(a; + y)||, a; G R”. 

yeB{ 0 ,-y) 

(ii) Assume, in addition, $ G (R"; and for some £ > 1/2 and all a G Ng, 

|a| = 2, that for some k > 0 , 

||a“$(a;)|| <«;(! +|a;|)-^-^ a; G R". 

Then for all a G Ng with |a| ^ 2, 0 < 7 < 1, 

||((9“$7)(a;)|l ||5““^CI|oo'!in7^”'“'«;(l - 7 + x G R”, 

with Vn the n-dimensional volume of the unit ball in R” and /3 G Ng such that 
{a — 13) € Ng and |/3| = 2. 

{in) //$(a:) = $(a;)* for all x G R", then $ 7 ( 0 ;) = <I> 7 (a;)* for all x G R", 7 > 0. 
(iv) If there exist c > 0 and R > 0 such that |$(a;)| ^ cld for all x G R^/il (0,i?), 
then there exists 70 > 0 such that for all 0 < j < jq 

|$ 7 (ai)| ^ (c/ 2 )/d, aiGR"\B( 0 ,i?). 


Proof, (i) In order to prove the first inequality, let x G R”, 0 < 7 < 1. Then one 
computes 


||$(a:) - $ 7 (a:)|| = 


/ 


(^(x) — ^(x 


y))C7(y) 


\\{^{x)-‘I>{x-^y))\\C{y)d'^y 





(ii) Let 0 < 7 < 1 and a G Ng with |a| ^ 2, and let /3 G Ng with |/3| = 2 be such 
that {a — 13) € Ng . Then for x G R”, 

||(a“$7)(a;)|| = 11(9“ (C7*<i’))(a^)ll 


= {{d--dQ*{dd<S>))ix) 

= [ (9“-%)(y)(9^$)(a:-y)d"i/ 

JRx^ 

^ f 7-"-l“l+2||(a“-/5c)(y/7)(9'5$)(a:-y)||d"y 

Jr-^ 

^ [ 72 -!“! |(9“-^C)(2/)| ||(9^$)(x-7J/)|| d^y 

Jb(o,i) 
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< l|5“-''Clloo [ - 7 + kl)-'-" d-y 

J B{0,1) 

(in) This is clear. 

(iv) By part {i), there exists 70 > 0 such that sup^^ggn ||$(x) — $ 7 (x)|| < c/2 for 
all 0 < 7 < 70 - Let x € R" such that \x\ > R. From |<i>(x)| ^ cld it follows that 
||‘f’(a;)“^|| < 1/c. Hence, ||$(x)“^ (‘i’( 2 :) — ‘f’ 7 (x))|| ^ 1/2 and therefore, 

00 

k=0 

= ($(x) - ($(x) - $7(x)))”^ = $7(x)"^ 

Using ||$ 7 (x)“^|| < c~^ deduces with the help of the spectral 

theorem that |$ 7 (x)| > {c/2)Id. □ 


Remark 13.2. Let $ be as in Theorem ll0.2l More precisely, let $ G (K"; 
be pointwise self-adjoint, suppose that for some c > 0 and R> Q, |<&(x)| ^ cld for 
all X € M"\i?(0, R), and assume there exists e > 1/2, such that for all a G Nq there 
exists K > 0 such that 


lia“$(x)|| ^ K 


(1 + |x|) \ |a| = 1, 

(l-blxl)-i-, H=2. 


By Proposition 113.11 there exists 70 > 0 such that for all 7 G ( 0 , 7 o), $7 (defined 
as in Proposition 113.11) satisfies the assumptions imposed on $ in Theorem 112.171 
Moreover, by Proposition 113.ll lib for some k > 0, the estimate 

||aj$(x) - aj$7(x)|| < k (1 + 

holds for all / G {1,..., n}, x G R", 0 < 7 < 1. The latter observation will be used 
in the proof of the general case of Theorem 110.21 o 


For the sake of completeness, we shall also state the Fredholm property for C^- 
potentials: 

Lemma 13.3. Let n,d € N, L = Q -|- $ as in (17.11) with $ G (R"; 
with $(x) = 'h(x)*, X G R". Assume that there exist c > 0 and R > 0 such 
that |$(x)| ^ cld for all x G R"\H(0,i?), and that (9j$)(x) —0 as |x| 00 , 

j G {1,..., n}. Then L is a Fredholm operator, and there is 70 > 0 such that for all 
7 G (0, 7 o), ind(L) = ind(L 7 ), where L 7 = Q -I- $7 with $7 given as in Proposition 

[mi 


Proof. By Proposition 113.11 L is a Q-compact perturbation of Lj. Moreover, the 
latter is a Fredholm operator for all 7 G (0, 70 ) for some 70 > 0 by Proposition [T3T] 
(guaranteeing that for some c > 0 and R> 0, |$ 7 (x)| > cld for all x G R"’\H(0, i?)) 
and Lemma ri 2. 11 Thus, the assertion follows from the invariance of the Fredholm 
index under relatively compact perurbations. □ 


We are prepared to conclude the proof of the main theorem also for C^-potentials. 

Proof of Theorem MQ.2[ the nonsmooth case. Let f G C(j“(R") be as in Proposition 
113.11 and define $7 as in the latter proposition. Let 70 G (0,1) be as in Proposition 
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[m]( iv). As observed in Remark 113.21 satisfies the assumptions imposed on $ 
in Theorem 112.171 Next, by Lemma [13.31 := Q + <1’.^ is Fredholm and ind(L) = 

ind(L.Y). 

Hence, by the C°°-version of Theorem 110.21 that is, by Threorem 112.171 one 
infers that 


ind (L^,) = ( ^ 


(n-l)/2 


[(n- l)/2]! A^oo 2A 


lim — 






/ tr (sgn($^(a;))(a,i sgn($^))(a;) 

• ■ • sgn($^))(a;))a;j d”“^cr(a;). 


It sufices to shown that the limit 7 —>■ 0 in the latter expression exists and coincides 
with the formula asserted. By differentiation, one observes that to : R>o 9 a; 1—>■ 
y/x'^ + c — X is decreasing and, denoting ||<i)||oo := sup2,gR„ ||<l’(a;)||, one gets 0 < 
w(||d>||oo) < u;(||$(a;)||), x G M". Let 0 < 71 < a;(||$||oo)/(4K) A (1/2) A 70. For 
0 < 7 < 7i and all x G M" one deduces with the help of Proposition 113.IK H that 

||$(a;) - <i>j{x)\\ < 7 i 2 k (1 - 71 + |a;|)"^ < a;(||4>||oo)/2. 


Hence, by Theorem 110.31 one gets for some K > 0 and all x G M” with |a:| ^ R, 


||sgn($(a:))-sgn($^(x))|| < sup ||sgn'(T)||||$(a;) - $^(x)|| 

< 7A:(1 + |a;|)“^ 


Similarly, Proposition 113.ll Hl implies for some K' > 0, 
max ||sgn'($(x))(9j<i))(x) — sgn'(<l>.^(x))(9j<l))(x)|| 

jG{l....,ra} 

^ max ||(aj$)(a;)|| sup ||sgn"(T)||||$(a;) - $^(a:)|| 

TGUp|^fiS(<J>W.<^(ll'I>IU)/2) 

^ 7A:'(1 + | x |)“^. 


For zi,..., in-i G {1,..., n} and x G R", and with the convention di„ := 1, one 
gets for some constants K”, K'" > 0, 


||(sgn($(a;))(a,, sgn($))(a;)... sgn($))(a:)) 

- (sgn($7(a:))(a7 sgn($^))(x)... sgn($^))(x))|| 

n-l j-1 

^ 12 sgn($))(x)((ft, sgn($))(a:) - (dy sgn($^))(a;)) 

j—0 k—0 

n—1 


X n (^*fcSgn($^))(a;) 


k=j+i 


n— 1 


C K"{1 + \x\f--[ ^ 11(9,^ sgn($))(x) - (5., sgn($,))(x) 


+ (1 + |x|) ^11 sgn($(x)) - sgn($^(a;))|| 
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/ n— 1 

< K''(\ + f ^ ||sgn ($(a;))(ai^.$)(a;) - sgn'($^(a;))(ai^.$^)(a;) 

^i=i 


+ "fK{\ + |a;|) 


-2 


€ 


K"(\ + \x\f ^ ||sgn'($(a;))(ai^.$)(a;)-sgn'($^(a;))(ai^.$)(a;) 


i=i 


+ ^ ||sgn'($T,(a;))(a*^$)(a;) - sgn'($^)(a;)(5i^. $^)(a:)|| +7A"(1 + |a:|) 


-2 




/ n— 1 

^i=i 


^ sup ||sgn'(r)||||(a,.$)(a;) - (5i^.$^)(a;) 

^'r6U|,|^BB(<I.(x).c^(||$|U)/2) 


+ 7Ar(l + |a;|) ^ 

<i^'"7(l + |x|)i-"-". 

Next, for A > 0 we define 

1 ” 

'/'A := X I] 


(13.1) 




[ ti{sgii{<^{x)){di^sgn{<^{x)))...{d,^_^sgn.{<^{x))))xjd^ V(a:) 

iAS"-i 


and 




/ tr(sgn($.y(a;)) 

X sgn($^(a:)))... sgn($^(x))))a;j d”"V(a:). 

It remains to prove that {()>a}a converges and that its limit coincides with ind(L). 
Bnt, with the help of estimate (113.11) one gets 


limsup \4>\ — 4>a\ < limsup / K'"j{l + |x|) 

A^oo A^oo J AS'^~^ 


^d"-ia(x) =0, 


which implies the remaining assertion. 


□ 


Remark 13.4. (i) Of course a simple manner in which to invoke less regular po¬ 
tentials is the perturbation with compactly supported potentials. Thus, the above 
result should be read as $ is “in a neighborhood of infinity”. 

(m) The formula for the Fredholm index suggests that Theorem ll0.2l might be weak¬ 
ened in the sense that potentials that are only should lead to the same result. 
Our method of proof needs that for some K > 0 and all 7 > 0 sufhciently small, 
||(9i^.$)(x) — (9i^‘I>.y)(x)|| < Ar(l -|- To prove the latter estimate we need 

information on the second derivative of 4>. 


o 
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We conclude with a nontrivial example of the Fredholm index. In view of the 
discussion in Example 14.81 and the erroneous statement in (jl.22|) this could be the 
type of potentials Callias had in mind. 

Example 13.5. Let n = 3, 71 , 3 , 72 , 3 , 73,3 G be the corresponding matrices of 

the Euclidean Dirac Algebra [see AmendixVK\\. Consider L = Q + <1> as in ini) with 
‘^’( 2 ^) •= Sj=i7t,3^t ^! j ^ {lj2,3}. Then = I 2 and Theorem 110.21 ap¬ 

plies. Given formula (110.11) for the Fredholm index, a straightforward computation 
yields 

tr 2 (4>(a;)(5i,4>)(a;)(5i2$)(a;)) = tr 2 la;]"^), x € M”\{0}, 

for all j, zi )*2 G {1,2,3} pairwise distinct, and hence, 

3 1 /* 
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14. A Particular Class of Non-Fredholm Operators L and Their 
Generalized Witten Index 

This section is devoted to a particular non-Fredhom situation and motivated in 
part by extensions of index theory for a certain class of non-Fredholm operators 
initiated in [12], [21], [53] (see also [13], [22] )■ Here we make the first steps in 
the direction of non-Fredholm operators closely related to the operator L in ()6.2I1 
studied by Callias [22] and introduce a generalized Witten index. 

We very briefly outline the idea presented in [^: Let L be a densely defined, 
closed, linear operator in a Hilbert space "H. Assume that 

[{L*L + z)-^ - {LL* + z)-^] e HiCH) 

for one (and hence for all) z G g{—L*L) fl g{—LL*), and that the limit 

indiv(i) — lim a^tr^ {^{L*L + x)~^ — {LL* -|-a;)“^) (14.1) 

exists. Then indw(l^) is called the Witten index of L. In fact, for the special case of 
operators in space dimension n = 1 (with appropriate potential), this limit is easily 
shown to exist and to assume values in (1/2)Z, see [23]. These examples, however, 
heavily rely on the fact that the underlying spatial dimension for the operator L 
equals one. 

While the Fredholm index is well-known to be invariant with respect to relatively 
compact additive perturbations, we emphasize that this cannot hold for the Witten 
index (cf. [12], [S3])- In fact, it can be shown that the Witten index is invari¬ 
ant under additive perturbations that are relatively trace class (among additional 
conditions, see [33] for details). 

We now provide a further generalization of the Witten index adapted to the 
non-Fredholm operators discussed in this section for odd dimensions n ^ 3. The 
abstract set-up reads as follows: 

Definition 14.1. Let L be a densely defined, closed linear operator in "H™ for some 
TO € N. Assume there exist sequences {lAjAeN, {S'aIagn B{'H) converging to lu 
in the strong operator topology, and denote Sa '■= Sff, A G N. In addition, suppose 
that the map 

O 9 z T^irm {{L*L + z)-'^ - (LL* -k z)"^)5'a 

assumes values in Bi{'H) for some open set Q C g{—L*L) fl g{—LL*) with (0,d) C 
H n K for some i5 > 0. Moreover, assume that {/a}agn, where 

fA'- LL ^ z ^ z tr-j-i {Ta trm {{L* L z) ^ — (LL* z) S’a) , A G N, 

converges in the compact open topology as A —> oo to some function /: H > C and 
that /(0+) exists. Then we call 

indgw,T,s{L) ■= f{0+). (14-2) 

the generalized Witten index of L (with respect to T and S). If L satisfies the as¬ 
sumptions needed for defining mdgw,T,s{L), then we say that L admits a generalized 
Witten index. 

Whenever the sequences {Ta}agn and {S'a}agn in Definition 1 14.1 1 are clear from 
the context, we will just write indgVF(‘) instead of indgVF,T,s(-)- 
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Remark 14.2. We briefly elaborate on some properties of the regularized index just 
defined. 

(i) It is easy to see that the generalized Witten index is independent of the chosen fi. 
Indeed, the main observation needed is that if Hi and H 2 satisfy the requirements 
imposed on fi in Defimtion ll4.ll then so does Hi fl H 2 . 

(ii) The generalized Witten index is invariant under unitary equivalence of R. 
Indeed, let L be a densely defined, closed linear operator in 'H™ for which the 
generalized Witten index exists with respect to {TaIa^n and {S'a}agn- Let Ri be 
another Hilbert space and U: Ri ^ R an isometric isomorphism. Then 



(U* 0 • 

■ 


/U 0 • 

■ 

L := 

0 U* 


L 

0 U 



U ••• 

u*) 


U ••• 

u) 


admits a generalized Witten index, and 

mdgw,T,s{L) = indgw,U’-TU,u*SU (L), 

where, in obvious notation, we used indgvu,£/*Tf7,f7*S(7 (L) to denote the generalized 
Witten index of L with respect to {C/*Ta[/}agn and {C/*5'aD}agn- 

For the proof of L admitting a generalized Witten index, it suffices to observe 
that for A G N and z € fi, 

tru (7a tr™ ((L*L + z)-^ - {LL* + z)-^)Sk) 

= trn {TaUU* tr^ {{L*L + z)-'^ - {LL* + z)-^)UU*Sa) 

= Ru {TAUtVra {{L*L + z)-i - {LL* + z)-^)U*Sa) 

= tvH, {U*TAUtTm {{L*L + z)-^ - {LL* + z)-^)U*SaU). 

o 

Remark 14.3. The definition of the Witten index in (jl4.1|l suggests introducing 
the spectral shift function ^{- ;LL*,L*L) for the pair of self-adjoint operators 
{LL*, L*L) and hence to express the Witten index as 

indw{L) = ^{0+;LL*,L*L), (14.3) 

employing the fact (see, e.g., [1051 Ch. 8]), 

tr„ {f{L*L) - f{LL*)) = [ /'(A) ^(A; LL*,L*L) dX, (14.4) 

J [0,cso) 

for a large class of functions /. The approach (jl4.3|) in terms of spectral shift 
functions was introduced in [12], [53] (see also [T3], [m, [791 Chs. IX, X], [80]) and 
independently in m- This circle of ideas continues to generate much interest, see, 
for instance, [53], [SI], [S5], and the extensive list of references therein. It remains 
to be seen if this can be applied to the generalized Witten index (114.21) . o 

Next, we will construct non-Fredholm Callias-type operators L, which meet the 
assumptions in the definition for the generalized Witten index, that is, operators 
L which admit a generalized Witten index. In fact, the theory developed in the 
previous chapters provides a variety of such examples (cf. the end of this section in 
Theorem 114.111) . 
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We start with an elementary observation: 

Proposition 14.4. Let n = 2ri + 1 G N odd. Then Q as in su with dom((5) = 
as an operator in is non-Fredholm. 

Proof. It sufhces to observe that the symbol of Q is a continuous function vanishing 
at 0. □ 


The fundamental result leading to Theorem 114.111 is contained in the following 
lemma. 


Lemma 14.5. Let n = 2n + 1 G N odd, d G N, Q as in (16.31) . $ G 

pointwise self-adjoint, and let L = Q-\- ^ be as in dZH). Assume that there exists 

P = P* = G such that for all x G R", 

P<^(x) = 4>(x)P = 0. 

Define V := ® P O'^d denote TL-p '.= L^(R")^ ® ran(P). Then L and L* 

leave the space Tip invariant. Moreover, L is unitarily equivalent to 

fPpQip 0 \ 

\ 0 Qtpj_ + 

with bp and bpj^ the eanonical embeddings from Tip and Tip into L^(R")^ , re¬ 

spectively. 


Remark 14.6. Recalling Q given as in 611) , we claim that in the situation of Lemma 

bpQbp = Q 0 T^anP- 

Indeed, equality is plain when applied to C^-functions and thus the general case 
follows by a closure argument. For the closedness of bpQbp we use Lemma [14.51 L 
is closed and, by unitary equivalence, so is 


/ b*pQbp 0 

\ 0 b*p^ + Pp^ 4)ipj^ 


(14.5) 


Hence, the diagonal entries of the closed block operator matrix in (114.51) . and thus 
ipQip, are closed. o 


In order to prove Lemma 114.51 we invoke some auxiliary results of a general 
nature. The first two (Lemmas 114.71 and 114.81) are concerned with commutativity 
properties of the operator Q. 


Lemma 14.7. Let n,m gN, P G j G {1,...,n}. Then 

(/p2(R„) (g) P)dj C 9^-(/^2(Rn) (g) P), 

where dj: iLl(R")'" C L^(R”)’" —>• L^(R")'" is the distributional derivative with 
respeet to the jth variable and, is the space of L'^-functions whose derivative 

with respect to the jth variable can be represented as an L'^-function. 


Proof. Clearly, 

(/z.2(r„) ® P)d,cf = 9,(/i2(R„) 0 P)cj, cj G C^iR^r. 

Next, the operator 9j(/p2(Rr.) ® P) is closed, hence, 

(/L2(Rn) 0 P)dj C (/p2(Rn) 0 P)dj C Oj {I^2 0 P), 

yields the assertion. □ 
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Lemma 14.8. Let n, d G N, n = 2n or n = 2n + 1 for some n G N. Let Q as in 
(16.311 {defined in Let P G and denote V := ®P- Then, 

VQ C QV. 

Proof. We note that for all j G {1,..., n} and 7j,„ as in SectionEl = P"fj,n, 

where we viewed G S(L^(R"')^"). Hence, using dom(Q) = nj=i dom(i9j), 
Lemma 114.71 implies 

n n 

PQ = pY,Tnndj=Y.'^Uud, 
i=i i=i 

n n 

= XI '^Ln'Pdj C ^ 7i.najlP = QV. □ 

i=i 1=1 

Before turning to the proof of Lemma 114.51 we recall a general result on the 
representability of operators as block operator matrices (the same calculus has also 
been employed in [MJ Lemma 3.2]): 

Lemma 14.9. Let P G B{'H) be an orthogonal projection, W: D{W) C TL TL 
closed and linear. Assume that 


PW C WP and {In - P)W C W{Iu - P)- 


Denote by ip: ran(P) —>■ Ji and ip^ : ker(P) —>■ TL the canonical embeddings, re¬ 
spectively. Then W is unitarily equivalent to a block operator matrix. More pre¬ 
cisely. 



‘-Pi) 


fPpWip 0 \ 

V 0 Pp^WipJ 


(14.6) 


with i*pWip and i*p^Wip_,^ closed linear operators. 


Proof. First, one observes that the operators ( ) and (ip ipA are unitary 

yp±J 

and inverses of each other. Moreover, it is plain that a block diagonal operator 
matrix is closed if and only if its diagonal entries are closed. Thus, as W is closed 
by hypothesis, it suffices to prove equality (114.61) . One notes that P = ipi*p and 
similarly, {Ipi — P) = ip^Pp^, and hence computes. 


W = (ip 

= (tp 
= (tp 
C (ip 
= (tp 
= (tp 


iPj.) 

iPj.) 

‘- P ±) 

tPj_) 

iPj_) 

tPj_) 




W 1 

' (ip ip^) 




PpipipW 

''Pj_ ^p± ''Pj_ ^ 

PpWipPp 
i*p^ W ipj^ ip^ 

ipWipipip 

0 


' P ± 


^ (op iPj_) 


(ip ip 


0 


' P ± 


' P ± 


ip lFtPj_ip ip_^ 


PpWip 

0 


0 

VpWip, 
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= [I'P 

iP_r 

= {l-p 

iP_r 

= {I'P 

tP_r 

c w, 



( i*pWipi*p \ 

Vp_l ''K / 

/ LpWLpL*p[LpLp + Lpj^Lp^) \ 

\l-*p^ W ip^ L*p^ {tpi*p + iPj_ t*Pj^ ) / 

/ L*pW{LpL*p + Lpj^l.*p^)'\ 

\i*P^W{ipi*p+ip^i*pJJ 


concluding the proof. 


At this instant we are in a position to prove Lemma 114.51 


□ 


Proof of Lemma 114.51 By Lemma 114.81 

C LP and {Ip 2 d ~ P)L C L{Ip 2 ^-^n.y’<-d ~ 'P)- 
Hence, by Lemma 114.91 L is unitarily equivalent to 

i*pLbp 0 

0 L*p^ Lip^. 

The assertion, thus, follows from Pp^Lp = 0 (valid by hypothesis). □ 

From Proposition 114.41 and Lemma 114.51 one infers the following result. 

Corollary 14.10. Let n = 2ri + 1 € N odd, d G N, assume Q is given by (ESI), 
$ G (K"; pointwise self-adjoint, and let L = Q+$ be as in (17.11) . Assume 

that there exists P = P* = G C‘^^'^\{0} sueh that 

P$(a:) = ^(x)P = 0, xG M". 


Then L is non-Fredholm. 


Proof. Define Tip := L^(R”;C^" ® ran(P)), denote the embedding from Tip into 
L^(R.")^ by ip, and denote the embedding from TLjs into by tpj^. By 

Lemma 114.51 the operator L is unitarily equivalent to 

/ PpQip 0 \ 

\ 0 ip_^QiPj^ + ip^^iPj^J ’ 

which by Remark 114.61 may also be written as 


In particular. 


/Q 0 Iran P 

I 0 


0 , V 

Q 0 .^ker P + tpj^ ‘ftPx / 


Cr(L) = a[Q® Iranp) U Cr((5 0 JkerP + Pp^^iPj^) ■ 

Since ran(P) is at least one-dimensional, it follows from Proposition 114.41 that 0 G 
(Jess{Q 0 Aanp)- Hence, 0 G (Teas(A), implying that L is non-Fredholm. □ 


We conclude this section with non-trivial examples illustrating the generalized 
Witten index introduced in this section: 
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Theorem 14.11. Assume Huvothesis 112.61 and let U G (R"; be a t- 

admissible potential. Let ^ G N and define 

$: R" ^ , a; HA t/('a;)) ' 

Let L := Q + $, as in (16.21) . Then the following assertions (a)-(<5) hold: 


(a) For all A > 0, the family 

So,i? 9 z I—>■ zxAtr 2 n(-^_i_^)((L*L + 2 ) ^ — [LL* + z) G Si(A^(R”)) (14.7) 
is analytic. 

(/3) The family {fA}A>o of analytic functions 

/a: So,II 9 2 H> tr( 2 :xAtr 2 fi(d+f)((A*A + ^)"^ - (LL* + z)~^)) (14.8) 

is locally bounded (see m)- 

( 7 ) The limit f := lim /a exists in the compact open topology and satisfies for 

A—>-oo 

all z G Sq,^, 

n 

f(z) = c„(l + z)-”/2 lim - Ejii. 

A—ycXD A . . 

J,il — 1 — 1 

X [ tT(U(x)(di^U)(x)... (di^_^U)(x))xj dP'~"^a(x), (14-9) 

where 


1 / i 1 

2 [(n-l)/2]!- 

((5) L is non-Fredholm, it admits a generalized Witten index, given by 

indgwiL) = /( 0 +) 


1 

= c„ lim — 

A-s-oo A ^ 




L = 1 


(14.10) 


X / iT:(U(x)(di^U)(x)...(di„_.,U)(x))xjd^ V(a;), 

Jas "-1 

which is actually an integer as it coincides with the Fredholm index of 
L-.= Q + U in l2(R”)2"'^, that is, 

indgVE (A) = ind (L) . (14.11) 


Proof. The proof rests on Theorem 112.171 Lemma 114.51 Remark 114.61 and specifi¬ 
cally, for the assertion that L is non-Fredholm, on Corollarv ll4.10l Indeed, invoking 
Lemma [14.51 and Remark 114.61 with 


g ([;^id+e)x(d+i)^ 


one computes, recalling L = Q + U, 

L*L = (-Q-k$)(Q 

'-Q 0 


$) 


0 -Q + U 


0 "l 

Q + Uj 
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A similar computation applies to LL*. One deduces for z G CR,e> 0 i 
((L*L + z)-^ -{LL* + z)-^) 


(-A + z)-i ^ ^0 

0 (L*L + z)-i 

0 ^ ^ 0 
0 {L*L + z)-^ -{LL* + z)-^ 


(-A + 2)-i_0 

0 {LL*+z)-^ 


Thus, 

^'^ 2 f‘{d+e) {{L*L + z) ^ — {LL* + z) ^)) = tT 2 fid {{L*L + z) ^ — {LL* + z) ^). 

Hence, the assertions (I14.7I) - (I14.10I) indeed follow from Theorem 1 12.1 71 applied to 
L. □ 
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Appendix A. Construction of the Euclidean Dirac Algebra 


For a concise presentation of the construction of the Euclidean Dirac algebra as 
a specific case of Clifford algebras, see, for instance, [531 Chapter 11]. 

Definition A.l. Given two matrices A = n} G and B = 

(&o)ijG{i,...,m} G one defines their Kronecker product Ao B by 


( aiiB ai2B 
a2iB 


AoB := 


V aniB 


e^inB ^ 




_ (^ u \ r- (nnmxnm 

~ Im u(((p-l) mod m) + l)(((9-l) mod m) + l) j^^ G C , 


where \x\ := min {2 £l\zfi^x} for all x and fcmod I denotes the nonnegative 
integer j € {0, 1} such that k — j is divisible by i, with i,k € Ti. 

Proposition A.2. Let n^m^l,k £ N, A G B £ (j g ]j g 

i£kxk^ r/ien one concludes that 

Ao{BoC) = {AoB)oC, 

{AoB)* = A*oB*, 
tr{A o B) = tr(A) tr(i?), 

if n = m and £ = k then, AB o CD = {A o C) {B o D). 

Proof. We only sketch a proof for the first assertion. It boils down to the following 
equations. 


rmi 


j 

m 


m k 


j1 \ \ r(j - 1 mod mfc) + 1 

- -Ij mod raj +1= - - - 

{j — 1 mod mk) mod k = j — 1 mod fc, j £ {1,..., rank}. 

The expressions on the left-hand side correspond to the indices of the entries of 
A, B and C, respectively, in {A o B) o C and, similarly, the expressions on the right- 
hand sides correspond to the respective indices of the entries of A, B and C in 
Ao{BoC). □ 

Definition A.3. Introduce the Pauli matrices 

f 0 I \ f 0 -i 

V 1 0 y ’ V i 0 

in addition, define 


0-3 := 


0 

-1 


7i,2 := CTi, 72,2 := 0-2- 
Let n £ N. Recursively, one sets 

7fe,2n+i := 7fe,2n, /c £ {1,..., 2n}, 
72ri+l,2n-|-l ■= (~*) 7l,2fi ‘ ‘ ‘ l2n,2n) 















122 


F. GESZTESY AND M. WAURICK 


and 

lk,2n+2 '■= O'! O 'yk,2n, fc S {1, . . . , 2n}, 

l2n+l,2n+2 '■= i^<Ji O (7i,2ri ‘ ‘ ‘ l2n,2n) j 
72n+2,2n+2 •= ^2 ° ^ 2 ") 

with It the identity matrix m C’', r G N. 

Remark A.4. By induction, one obtains 

7 fe, 2 n, 7 fc. 2 fi+i, 72 ft+i, 2 fi+i S , fc G {1,..., 2n}. (A.l) 

o 

Lemma A.5. Let 71 ,..., 7 ^ G B{1C) for some Hilbert space K, and such that for all 
j, fc G {1,..., k}J fc, one has 7 j 7 fc + = 0. Then 

7fc7fc_i •••71 = (-1)''^''“^^/^7i72 ■■■Ik- 

Proof. The assertion being obvious for /c = 1, we assume that the assertion of the 
lemma holds for some fc G N. Then 

7fe+i7fc7fe-i ■ ■ • 71 = (-l)^7fe7fc-i ■ ■ • 7i7fc+i 

= (-1)'=('=+i)/27i 72-- •7fc7fc+i- □ 

Corollary A.6. For all k,l G {1, ..., n}, n G ^^ 2 ? one has 

^k.n'yi.n T ^l.n'^k.n — ‘^^kll2^i 

where 'yj^n is given in Definition \A.3[ j G {1,..., n}, and n G N is such that n = 2n 
or n = 2ri + 1. 

Proof. The assertion holds for n = 2. Assume that the assertion is valid for n = 2n 
for some n G N. Then Lemma lA.51 implies 

72n+l,2ri+l “ (~*) (7l,2fi ‘ ‘ ‘ 72ri,2n) (7l,2fi ‘ ‘ ‘ 72ri,2n) 

= (—1)" ( 71,27 • • • 727 , 27 ) (—( 727,27 • • • 71 , 27 ) 

= (-1)7+2-^-”/2. =/2- 

For fe G {1,..., 2n — 1} one computes 

7fc,27+ 1727 +1,27+1 = 7fc,27( —*)" ( 71,27 • • • 727 , 27 ) 

= {-\f^-\-if (71,27 • • • 727,27) 7fc,27 
= ~727+l,27+l7fe,27+l- 

Hence, the assertion is established for 7 fe, 27 +i, A:G{l,...,2n+l}. 

For kj G {1,..., 2n} one computes with the help of Proposition lA.21 

7fe,27+27*,27+2 + 7*,27+27fe,27+2 = (^l O 7 ^, 27 ) (ci O 7 /, 27 ) 

+ (cti O 7l.2n) (cti O 7k ,2n) 

= CTi O 7fe,277;,27 + CTi O 7i,277fe,27 
= 12° (7fc,277/,27 + 7l,2n7k,2n) 

= I 2 ° 2l5fcj/2S = 2(5fe;/2n+l. 
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One observes that 

/ ^\2 

l2n+l,2n+2 ~ y J '^1 ° (^'1.2?! ‘ ‘ ‘ l2n,2n) 

= (*") 0-1 o = (*”) crj o (-1)"^” (i”) /as = /an+i, 

using 7|fi+T2ri+i = Moreover, 7lri+2,2n+2 =(^ 2 ° = ^ 2 "+i- In addition, one 

notes that 

72n+2,2n+272fi+l,2fi+2 = (T 2 i^Ui O 7i 2n ‘ ‘ ‘ l2n,2n 

= —i”0'i(T2 O 7i 2n • • • 72n,2n = ~72fi+l,2fi+272n+2,2n+2, 
72n+2,2n+27fc,2fi+2 = Cr 2 Cri O = —7fc,2fi+272fi+2,2fi+2j 

and 

72n+l,2n+27fc,2fi+2 ='i"cri(Ti O 71 2n ‘ ‘ ‘ 72n,2n7fc,2fi 

= aii^ai o ( — 1)^" ^7fc,2fi7l,2n • • • l2n,2n 
= ~7fe,2ri+272n+l,2ri+2 

for all /c G {1,..., 2n}, implying the assertion. □ 

Corollary A.7. For all k G N, n G N^ 2 , and k ^ n, one has 

"/k,n 7fc,ni 

where is given in Definition \A.?)[ j G {1,..., n}. 

Proof. We will proceed by induction. Before doing so, we note that due to Corollary 
IA.6I and Lemma IA.51 for all k G {1,..., n}, 

7fc,n7fc—l,n * * ‘ 7l,n ~ ( 1) ^ 7l,n72,n * * * ^k.n- 

One observes that 71,2 and 72,2 are self-adjoint. We assume that 'yk, 2 n is self-adjoint 
for all fc G {1,..., 2n} for some n G N. The only matrices not obviously self-adjoint 
using the induction hypothesis and Proposition lA.2l are 72 fi-i-i, 2 fi-i -2 and 72 fi-i-i, 2 fi-i-i- 
Since the proof for either case follows along similar lines, it suffices to prove the 
self-adjointness of 7211 - 1 - 1 , 2 ra-i- 2 - For this purpose one computes, 

72n-|-l,2ri-|-2 “ (* ° (7l,2n ‘ ‘ ‘ 72fi,2n)^ 

= O (7i,2ri • • • l2n.2n)* 

= o (72fi,2fi • • • 7l.2n) 

= *-(-l)-+[2-(2"-l)/2]^^ o ( 71,211 • • • 72K.2n) 

= O (71,211 • • • 72n.21l) 

= 7211-1-1,211-1-2 • n 

Next, we proceed to establish the following result on traces: 

Proposition A.8. Let n G N and suppose that 7 j, 2 iij 7 j', 2 li-i-i) j G {!,..., 2n}, 
j' G {1,..., 2n -f 1}, are given as in £>e/zmtion lA.3[ Then, 

tr (7 u.211-li ■ ■ ■7i2fc+i.2ii-Li) = 0; */*ii • • -^hk+i G {1,... ,2fi-h 1} and k <n, 

tr ( 7 »i. 2 n - • • 7 i 2 fc+i. 2 ll) = 0, ifii ,.. ■,i 2 k+i G {1, • ■ -,271} and k gN, 

( 711 , 211 - 1-1 ■ ■ ■ 7i2n+ii2fi-i-i) “ ( 2 ^ I */ *ij • •') *211-|-1 G {l,..., 2n -|- 1 }, 
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where £ii---i 2 !i+i *■5 ^^6 fully anti-symmetric symbol in 2n -\- 1 dimensions, that is, 
£ii...i 2 n+i = 0 whenever |{zi,..., * 2 ri+i}| < 2ri + 1 and if tt\ {1,..., 2n + 1} —>■ 
{1,..., 2n + 1} is bijective, then £ 7 r(i)... 7 r( 2 n+i) = sgn(7r). 

Proof. The first formula can be seen as follows. Since k < n, there exists i S 
{1 ,..., 2n + , i 2 fc+i}, and one computes 

tr (7ii,2n+l ■ ■ ■ 7i2fc+l,2n+l) = tr (7ii,2n+l ’ ’ ’ 7i2fc+l .2n+l7i42n+l) 
tr ^7*,2n+l7ji ,2n+l ‘ ‘ ‘ 7i2fc+l ,2n+l7*,2n+l) 

= — tr ( 7 ii, 2 n+l 7 i, 2 n+l ’ ’ ’ 7 * 2 ^+! . 2 fi+l 7 j. 2 fi+l) 

■ • ■ ( 1) (7n,2n+l ■ ■ ■ 7i2fc+l ,2n+l7i,2n+l7j,2fi+l) 

tr ^7*i,2n+l ■ ■ ■ 7*2fc+li2n+l) ■ 

Hence, tr ( 7 ^ 1 , 251+1 ■ ■ ■ 7 j 2 fc+i. 2 n+i 772 n+i 772 n+i) = 0. 

The second assertion can be proved along the same lines. 

The third assertion follows upon taking into account the cancellation and anti¬ 
commuting properties of the algebra in conjunction with the first statement, once 
the following equality has been established: 

tr (7 i,2 S-|-1 • ■ • 72n-|-l,2n-|-l) = (2^". 

To verify the latter identity one computes 
tr (7l,2fi+3 • • • 72ra+3.2n+3) 

= tr ^7l,2ra+2 • • • 72n-|-2,2n-|-2 ( —*)"'^^7l,2n-|-2 ’ ’ ‘ 72ra+2,2ra+2^ 

= tr (^(CTI O 2fi) • • • (CTI O 72H,2n) *" (o-l O 7l.2n • ■ • 72n.2n) {(^2 O 

X (cti O 7i 2n) • • ■ (cTl O 72fi,2n) (^1 O 7i,2n • ■ • 72n.2n) (^2 O )) 

= tr (^(Ti"+V 2 Cri”+V 2 O ( 7 i^ 2 n ■ • ■ 72 n. 2 n)'‘) 

= (—1)"''’^ (—tr (o-icricr 20'2 o □ 

We conclude with the following result. 

Corollary A.9. Let n € Nj .2 be odd, V be a complex vector space, k G No, with 
k-\-l < n, ii,... ,ik G {1,...,n}. Let $: {!,...,n}" V be satisfying the property 

^ ' $(*1, . . . , ifc , l, J, ifc+3, ..., in) 

(jfc+3....7n)6{l.....'ra}”“''“^ 

= X] ®(jD---,Jfe,jNNfe-e3,---,*n), -j,j G {!,...,n}. 

Then 

X tr(7ij,„---7i„,„)$(ii,...,i„) = 0, 

(ife + l,Zfc + 2.i|c+3....,*n)6{l,...,Tl}”'-'“ 

where jj^n, j G {1,..., n}, are given by definition, lA.31 

Proof. In the course of this proof we shall suppress the index n in 7i,n- 

^ ^ 7*1 ■ ■ ■ 7in ^(*1 1 ■ ■ ■ jlk} *fe+l, *fc-|-2 j Ik+Si • ■ ■ , *n) 

(ifc+l,*fc+2,*fc+3....7n)6{l,...,n}"-'' 
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^ ^ ' ' ' ^in ^k+1 ; '^k+2 ;^fc+3:---;^n) 

\ XI ^*1 ■ ■ ■ 'T'*" 


(ifc + l,Zfc + 2 ,i(c + 3 ,---,in) 6 {l,-■■,"}” 


X ^A:+3: ■ • ■ ; ^n) 


E 


(ifc+l,'!fc+2,'ifc+3.---,*n)e{l.---,ra}'* '' 

( 7^1 . . . • • • 7 i^ + 7ii • • • liklik+2lik+llik+3 ' ■ ■ lin,n) 

X ^>(* 1 , ■•■,*«) 

- E 

{ik + l ,«fc + 2 ,^fc+ 3 v 52 n)€{l,...,n}” ^,^fc + l7^2fc + 2 

(Tu ■ ■ ■ ^ik^ik + l'~^ik+2^'i'k+3 * * * "Tin 7il * * * Tifc7ifc + 2"TiA; + l7ifc + 3 * * * Tin) 

X $(zi, . . . ,in) 

+5 i: 

(ifc+i,ifc4-2,ifc+3 5---»in)^{l,--M’^}”' *^,ifc+i=ifc+2 

(Til ■ ‘ ‘ TifcTifc+iTifc+2Tifc4-3 * ‘ ‘ Tin Tii ’ ’ ' Tifc Tifc+2 Tifc+i Tifc +3 * * * Tin) 

X $(zi, . . . ,in) 

- E 

2 . . . 

(ife+i iifc+2 5ifc+3 v5in)^{l,---,7i}^“^,ifc+i=ifc4-2 

(7^l •••747*fc+3 +7*1 •••7*fc7*fc+3 •••7*„) 

E 7ii •••7ifc7*fc+3 •••7*„^(*ii •■•,*«)■ 

(ifc + l5ifc+2 5ifc+3)---5^n)^{l)---5^}^“^)ifc + l=ifc+2 


Applying the internal trace to the latter sum, one infers that each term vanishes 
by Proposition IA.8I □ 
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Appendix B. A Counterexample to [22l Lemma 5] 

In this appendix we shall provide a counterexample for the trace class property 
asserted in |221 Lemma 5]. The counterexample is constructed in dimension n = 3 
and recorded in Theorem IB.51 

Analogously to Example 14.81 we let $ assume values in the 2x2 matrices and 
denote the Pauli matrices (see also Example 14.8[) again by aj, j G {1,2,3}. Before 
we give an explicit formula for $, we need the following definitions. Let (pi G C°° (K) 
be a function interpolating between 0 and 1 with 

^^> 1 ( 2 ;) = 1^’ ^ ^X G R, 02 := + 1)) 

{1, X > 1, 

and let 

0i,r,t := 0i(i“^(-) - (p2,T,t-=4>2{t~^{-)-t~^r), r,t>0. 

For ri,r 2 ,ti,t 2 G (0,oo) with ri + < r 2 — ^ 2 , this yields the following variant of 

a smooth “cut-off” function 


— 01,ri,*102x2—*2,*2 ■ (®-l) 

One notes that 0ri,r2,ti,t2 G C°°(]R). We will use the following properties of 
0 ri,r 2 ,ti,t 2 (^11 of them are easily checked): 

0 < V'.i.r2.ti.t2 < 1: (B.2) 

'*/’»’l,'r 2 ,ti,t 2 I[ri+ti,r 2 —* 2 ] ~ fj (B-3) 

V'i’i ,r2.ii,t2 |R\[i’i,r2] =0) (B.4) 

l^ri.r 2 ,ti.t 2 K V On [xi , Ti ti] U [r 2 - 0, ?' 2 ], (B.5) 

l4f.i.2,*i.*2l^'^^(^vi), £gN^2, (B.6) 


with di := ||0}||oo := sup,^gR |0}(x)| and di := ||0f^||oo, G N^ 2 - For k G N>i 
define 


k-l 

ru := ^ = 2^= - 2, 

i=i 

V'l.fc := V’r-,.r,+i,i2C^2‘^> ^2,fc := ,rfc+i, i2C il2'= • 

One observes that 

1 1 1 1 17 

Xfc -I- -2^ = Xfe 11- 2^ < Tk+i -2^, Xfc H-2'' = Xfc . 1- 2'" < r^+i -2^, 

2 ^ 20 36 36 18 

so that ipi^k and 02,fe are well-defined. For x = (xi,X 2 ,a: 3 ) G we let $: —>• 

be defined as follows. 


where 


o Gad ^ 

^(a;) a:GR^ 

j=l k=2 j=l 


^kj(x) ■■= 0i,fc(|x|)(xj - rfc)02,fe(a:j), x G R^. 

Ffc+l 


(B.7) 


(B.8) 
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One observes that $ G C''^(R). Next, we introduce the sets 
Bfc := {x e I Tfc < |a;| ^ r-fc+i} n |J {x G \rk ^ Xj ^ Vk+i}, fc G N, 

t6{1.2,3} 

(B.9) 


and 


Bk ■= ja: G ru + ^2'' < |x| < Vk+i - ^2'' 

r 1 17 

PI^xGM^ Tfe + —2^" < Xi,X 2,X3 ^ Tfe+I - —2^^ 

Before turning to the properties of <f>, we study ^k,j first. 


fc G N. (B.IO) 


Lemma B.l. Let j G {1,2,3}, (. G {1,2,3}, ^k,j as in (IB. 8 |) . Bk, Bk as in (jB.9l) 
and (IB.IOI) . respectively. Then the following assertions (a)-( 7 ) hold: 


(a) For all k gN, X G R^, ^k,j{x) 0 implies x G Bk- 


(B.ll) 


(/3) For all a G Nq, there exists k > 0 sueh that for all k G N, 

|a“4,^-(x)K/c(l + |x|)-l“l, xGBk. (B.12) 

( 7 ) For all I G {1,2,3}, and all fc G N, de^k,j{x) = S(j, x G Bk- (B.13) 

Proof. (IB.Ill) : The assertion follows from (IB.41) and the definition of Bk. 

(jB.12p : One observes that ' 02 ,fc 0 0 on {rk,rk+i) and that 0 0 02 ,fc 0 1 by dEl 
and (IB.21) : hence, 

\{xj - rfc)02,fe(xj)| 0 2 '', j G {1,2,3}, fc G N^2- 

One recalls, 

k-l 

Tfc = X] 2 ^ = 2 '= - 2 < rfc +1 = 2^+1 - 2 = 2 ( 2 ^ - 1 ), 

i=i 

in particular, {1/rk+i) 0 kq2~'^ for some Kq > 0. Hence, 


1 ^ 

— 0 i,fc(|x|)^crj(xj --rfc) 02 ,fc(xj) 


Tfc+l 


1=1 


^XBk{a:)Ko, xG 


with Bk introduced in (IB.91) . Thus, (IB.121) holds for i = 0. Next, for the first 
partial derivatives in item (IB.121) one computes for i ^ j, 


1 

{de^k,j){x) = - 0 'i,fc(l*l)T|(^i -^fc)V' 2 ,fc(a:j) 

rfc-+i |x| 


and for i = j, 


\ X ' 1 

{djfk,j){x) = - 0 i,fc(|a;|) 07 (xj - rfe) 02 ,fc(xj) +- 0 i,fe(|x|)crj 02 ,fe(xj) 

Tfc+l |X| Tfc+l 


1 


+ - i’lA\x\)<Xj{Xj - Tfe)0^_fe(Xj), j G {1,2,3}. 

^fc +1 

For X G Bk, one has \{xj - rkA'ki^A < c by (IB3]) . |0{,(|x|)(xi - rfe)0fc(x^)| 0 c by 
(iRl and (Ib31) and for some k,c> 0 and all fc G N^ 2 , 


Tfe+l 


-0fc(|x|)(7j0fe(Xj) 


0 


Tfc +1 


Aki\x\) 


0 «:(! + |x|) 


-1 
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since for all x G Bk one has Vk+i ^ |a;|. Higher-order derivatives can be treated 
similarly, using (|B.6p . proving assertion (IB.12|) . 

(IB.131) : This is obvious. □ 

The next lemma gives an account of the asymptotic properties of $ and its 
derivatives. 

Lemma B.2. Let $ be given by (IB.7p . Then the following assertions (a)-( 7 ) hold: 
(a) $ is bounded, pointwise self-adjoint, $ € (M^; , <l>(x)“^ exists for all 

X S and ^{x)'^ —)► h- 

\x\—^oo 

(/?) There exists k > 0 such that 

|(5jd>)(x)| < «:(! -h |x|)"\ X e j G {1,2,3}, 

and the formula 

{dj^){x) = X G Bk, j G (1, 2, 3}, fc G N, 

holds, where Bk is given by (IB.lOp . 

( 7 ) For all a G Ng with |q:| ^ 2, there exists k' > 0, such that 
|(5“$)(x)Kk'(1 + |x|)"'“I, xGK^ 

Proof. For item (a), we use Lemma IB.II (IB.121) with i = 0 together with the fact 
that BkDBk' = 0 for fc' > fc-|-l, so $ is bounded. $ is easily verified to be pointwise 
self-adjoint. For showing invertibility of $, one computes for x G Bk, 

$(x)$(x) = + 

3 2 

1 = 1 ^ ^ 

= X! -I- ^ h> h, 

implying (a). Item (/3) follows from Lemma rB.il (IB.12p . and (IB.13p . whereas item 
( 7 ) follows from (IB.ip . (IB.12F □ 

In order to prove that tr 4 [{L*L z)~^ — (LL* -|- z)“^) for L = Q -|- $ (with Q 

as in (16.31) 1 is not trace class for 2 : in a neighborhood of 0, we need to invoke the 
following general statement: 

Theorem B.3 ([inj Theorem 3.1]). Let K G B(L^(K.")) be an operator induced 
by a continuous integral kernel k: R" x K” —^ C. Assume that K G Si(L^(K.")). 
Then the function x 1 —^ k(x,x) defines an element of L^{W^). 

Before we state and prove the main result of this section, we need to study the 
volume of Bk- 

Lemma B.4. Let Bk, k G N, be as in (|B.10I) . Then there exists fcg G N, such that 
for all k G 


ki/3 


^k,j{x)c 
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Proof. Let k G N. One observes that if 

1 


X G < X G 


17, 


rk + ^ 2 ^= ^ Xi,X2,X3 < Tfe+i - — 2 '= 


then 


V3 (^rfc + ^2'=^ ^ |xK V3 (^rfe+i - ^2^=) . 
Since 16/10 ^ '/3 ^ 18/10, for sufficiently large /c £ N, the estimates 


and 


36 


17, 


16 16 1 


10 10 36 


16, 


r, + :^2M > ^ + 2'=-^2^^2'=-2 = r, + i2^ 


18 


18 


10 


17 


18 


10 


18 19, 


73 Tk+i - — 2 ^ < 2 -— 2 '=- 2 — ^ — 2 '= - 2 = Vk+i - —2 


10 10 


20 


hold. Consequently, for sufficiently large fe G N, 
1.3 


X G 


1 17 

rk + ^2^= ^ xi,X2,X3 ^ Tfe+i - —2^ 

36 18 


C Bk. 


Hence, there exists ko G N, such that for all k G N^ko^ 

vol (Bk) = frk+i - ^ 2 ^= - (rk + ^ 2 ^) 


□ 


Theorem B.5. Let n = 3 and Q and $ be given by (16.31) and (|B.7I) . respeetively. 
Then there exists i5 > 0 such that for L = Q + and for any real z G B(0, 5)\{0}, 

tr4 ((L*L + z)-^ - (LL* + z)-^) i 

Proof. In view of Remark 111.31 and Lemma 17.71 it suffices to check whether or not 

f := tr4 ((Ri+,CfRi+,) 

is a trace class operator, where C = [Q, <&], and Ri+z are given by (| 2 . 2 I) and (14.6L 
respectively. 

Arguing by contradiction, we shall assume that T G Bi(L‘^(M.^)) . One observes, 
(i?i+,C)3Ri+, = Ri+,Ci?i+,Ci?i+,CRi+, 

= [Ri+„C]i?i+,Ci?i+,CRi+, + CRi+,Ri+,CRi+,Ci?i+, 

= [Ri+„C]i?i+,Ci?i+,CRi+, + CRi+ 7 i?i+„C]i?i+,Ci?i+, 

1 + 2 CRi+z 

= [Ri+,,C]Ri+,CRi+,CRi+, + CRi+,[Ri+,,C]Ri+,CRi+, 

+ CRi+,CRi+,[Ri+,, C]Ri+, + CRi+,CRi+,CRi+,Ri+,. (B.14) 

By Lemmas 14.51 and fB.2[ one gets G B 4 (L^(]R^)) and [i?i+ 2 ,C'] G 

B 2 (L^(K^)). Hence, by Theorem l4.2l one infers that despite the last term in (IB.141) . 
all operators are trace class. In addition, one computes 

CRi+,C'i?i+,Ci?i+,i?i+, = C[i?i+„ C]i?i+,CRi+,i?i+, 

+ C'^Ri+z Ri+zC Ri+zRi+z 

= C[Ri+,,C]Ri+,CRi+,Ri+, + C^Ri+4Ri+,,C]Ri+,Ri+, 


(B.I5) 
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= C[Ri+ztC]Ri+zCRi+zRi+z + Ri+z[Ri+ztC]Ri+zRi+z 

+ C^[R^+zMRl+z + C^Rt+z- (B.16) 

Next, one notes that Lemma l4^ implies the relation 

[Ri+z^C] = Ri+z (AC) Ri+z + 2Rx+z (QC) QRi+z- 
With the help of Lemma IB. 21 there exists k > 0 such that 

max{||C(x)2||, |l(AC)(x)||, ||(QC)(x)||} < k{1 + |x|)-2, x G 
Therefore, Lemma l4.5l and Theorem l4. 21 imply 

C[i?i+„C]i?i+,Ci?i+, = C(i?i+,(AC)i?i+, 

+ 2Ri+z{QC)QRi+z)Ri+zCRi+z 

= CRi+z{/^C)Ri+zCRi+z + 2CRi+z (QC) Ri+zQRi+zCRi+z 

and, 

C^Ri+z[Ri+z,C]Ri+z £B2-B2 -BQBu 

as well as, 

C^[Ri+z, C]i??+, = C^Ri+z ((AC) Ri+z + 2Ri+z (QC) QRi+z) i??+, 

= C^R^+z (AC) Ri+zRl+z + 2 C^Ri+zRi+z (QC) QRi+zRf+z 

GB2-B2-B + B2-B2-BCBi. 


Noting that the inner trace maps trace class operators to trace class operators (cf. 
Remark 13.21) . and combining (IB.141) and (IB.161) together with our assumption that 
T is trace class, one concludes that 

T := tr4 (C^Rt+z) = tr4 {C^)Rt+z £ Bi{L^{R^)). 

Next, one observes that T is an integral operator induced by the following integral 
kernel 

t:{x,y)i-^ / tr4 (C^)(a;)ri+^(a; - a:i)ri+2(a;i - a;2)ri+^(a;2 - a;3)ri+^(a;3 - y) 

i(R3)3 

X d^xid^X 2 d^X 3 , 


where ri+z is the Helmholtz Green’s function, see (|5.11l) associated with (—A + 
(1 + z))~^. By Theorem 15.II (and Proposition 15.41) . t is continuous. As T is trace 
class, Theorem IB . 31 implies that the map x t{x,x) generates an L^(K^)-function. 
Hence, 


/ \t{x,x)\d^x 

= / tr 4 (C^)(x)ri+2(x - a;i)ri+^(a;i - a;2)ri+z(a;2 - a;3)ri+^(x3 - a;) 

Jr3 J(R3)3 


X d^xid^X 2 d^X 3 


d^a 


/ / tr4 (C^)(a;)ri+2(a;i)ri+^(a;i - a;2)ri+^(a;2 - X3)ri+z{x3) 

Jr3 J(R3)3 


X d^xid^X 2 d^X 3 


d^a 
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f I tr4 (C'^)(a;)| dV((5{o},i?t+;,(5{o}) < 

Jr3 


oo. 


In other words, 

tr4 (C^) € U(R3). (B.17) 

The rest of the proof aims at showing that the statement (jB.17|) is false. For this 
purpose we need to compute tr 4 ([Q, d)]^) on UfeeN >2 with Bk given in (IB.101) . 
We recall from Lemma [B]2 ](m), 


1 1 


{dj^){x) = —j^ - aj, X e Bk, j € {1,2,3}. 


Hence, 


tr,([a*n(x)= j: 2iejnietr2 {{dj^){x){dm^){x){di^){x)) 
^ ^ 1 1 


3 


^ ^^jm£ i, ^3 

j,7n,£—l 


fe +1 

1 1 

' k r 


k+l 


= -24^ ^ 


k 4+1 ’ 


implying. 


1 1 


tr4 ([Q, ^']^)(a;)| > 24--3—, x G Bk, k G N^ 2 - 

/C T, 


(B.18) 


fe+i 


However, employing Lemma IB.41 one infers with the help (IB.18|) that for some 
ko G N, 

°° 1 1 

tr4(C3) = ||tr4([Q,$]^)|Li(R3) ^ X! 

k=ko ^+1 


1 


E 


1 1 




23k ^ 


1 


(36)= 


E 

k—ko 


1 


( 2 ^ - 2 )" 


r23'= = OO, 


contradicting (IB.17|) . 


□ 


Remark B.6. It might be of interest to compute the index of Q + $, with the poten¬ 
tial $ constructed in this section: One notes that $ is a Q-compact perturbation 
of the operator 

3 

Q -h 17 in where 17 := ^ aj. 

i=i 

Since C/^ = I 2 and djU = 0, j G (1,2,3}, one infers that U is admissible. The index 
formula in Theorem 110.11 leads to ind(Q -I- 17) = 0, and hence to ind(Q -I- $) = 0. 
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